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MOTIVATION

• What is the difference between

a contact theory based on low-energy parameters 

and 

a theory with its high momentum components explicitly 
integrated out with a flow equation like V_low k or SRG ?



IMPLICIT RENORMALIZATION

unitary evolution of a hamiltonian H = Trel + V with a flow
parameter s that ranges from 0 to1,

dHs

ds
= [⌘s,Hs] , (7)

where ⌘s = [Gs,Hs] is an anti-hermitian operator that generates
the unitary transformations. We take the Block-diagonal SRG
generator [17] given by

Gs = HBD
s ⌘

0
BBBBBBBB@

PHsP 0

0 QHsQ

1
CCCCCCCCA . (8)

where P and Q = 1 � P are projection operators. The flow pa-
rameter s has dimensions of [energy]�2 and in terms of a sim-
ilarity cuto↵ � with dimension of momentum is given by the
relation s = ��4. The flow equation is to be solved with the
boundary condition Hs|s!s0

⌘ Hs0 . Using that Trel is indepen-
dent of s, we obtain

dVs

ds
= [⌘s,Hs] . (9)

In a partial-wave relative momentum space basis, the projection
operators are determined in terms of a momentum cuto↵ scale
⇤ that divides the momentum space into a low-momentum P-
space (p < ⇤) and a high-momentum Q-space (p > ⇤),

P ⌘ ✓(⇤ � p); Q ⌘ ✓(p � ⇤) . (10)

The potential Vs can be written as,

Vs ⌘
0
BBBBBBBB@

PVsP PVsQ

QVsP QVsQ

1
CCCCCCCCA . (11)

By choosing the block-diagonal generator, the matrix-elements
inside the o↵-diagonal blocks PVsQ and QVsP are suppressed
as the flow parameter s increases (or as the similarity cuto↵
� decreases), such that the hamiltonian is driven to a block-
diagonal form,

lim
�!0

V� = PVlowkP + QVhighkQ =

0
BBBBBBBB@

Vlow k 0

0 Vhigh k

1
CCCCCCCCA (12)

Thus, in the limit � ! 0 the P-space and the Q-space become
completely decoupled. Thus, while unitarity implies ��(p) =
�(p) for any � one has

lim
�!0
��(p) = �lowk(p) + �highk(p) (13)

where �lowk(p) = �(p)✓(⇤� p) and �highk(p) = �(p)✓(p�⇤) are
the phase shifts of the Vlow k and Vhigh k potentials respectively
(see Eq. (4)).

4. Implicit Renormalization: Low cut-o↵ evolution

At low cut-o↵s ⇤ we may approximate the hermitian e↵ec-
tive interaction by a polymomial,

V⇤(p0, p) = C0 +C2(p2 + p02)
+ C4(p4 + p04) +C04 p2 p02 + . . . . (14)

where C0,C2,C4,C04, . . . are real coe�cients depending on ⇤
to be determined. This corresponds to a theory with contact
interactions only. Using the potential of Eq. (14) the LS Eq. (3)
reduces to a system of algebraic equations which solution is
well known (see e.g. Ref. [20]). At lowest leading order (LO)
we just keep the leading term C0 and get

C0(⇤) =
↵0

1 � 2⇤↵0
⇡

, (15)

showing that lim⇤!0 V⇤(0, 0) = ↵0. Going to Next-to-leafing
order (NLO) we obtain

� 1
↵0⇤

=
4
⇣
�2c2

2 + 90⇡4 + 15(3c0 + 2c2)⇡2
⌘

9⇡
⇣
c2

2 � 10c0⇡2
⌘ , (16)

r0⇤ =
16
⇣
c2

2 + 12⇡2c2 + 9⇡4
⌘

⇡
�
c2 + 6⇡2�2 �

12c2
⇣
c2 + 12⇡2

⌘

�
c2 + 6⇡2�2

1
↵0⇤

+
3c2⇡

⇣
c2 + 12⇡2

⌘

�
c2 + 6⇡2�2

1
↵2

0⇤
2
,

where c0 = 4⇡⇤C0, c2 = 4⇡⇤3C2. In the second equation we
have eliminated C0 in terms of ↵0. This leads for any cut-o↵
⇤ to the mapping (↵0, r0) ! (C0,C2). At this level of approxi-
mation there are two branches and we choose the one consistent
with the LO one for⇤! 0, see Eq. (15) and Fig. 2. We will de-
note LO by C(0)

0 and NLO by C(2)
0 and C(2)

0 . One should note that
in the case of the 3S 1 channel C(0)

0 is singular and the derivatives
of C(0)

2 and C(2)
2 are discontinuous at ⇤ = ⇡/2↵0 ⇠ 0.3 fm�1,

which is the momentum scale where the deuteron bound-state
appears. The strong resemblance of both 1S 0 and 3S 1 at the
scales around ⇤ ⇠ 1fm�1 is just a reminiscent of the SU(4)
Wigner symmetry for the two-nucleon system [26, 7, 27, 28].

One can in principle improve by including more terms be-
yond second order in Eq. (14). The problem is that there are
two such terms C4 and C04 [20] but there is only one low en-
ergy parameter in the ERE, v2 in Eq. (6). This is so because
scattering does not depend just on the on-shell potential. Thus,
the implicit renormalization is not unique beyond NLO. This
is just a manifestation of the ambiguities of the inverse scatter-
ing problem which can only be fixed after three or higher body
properties are taken into account 1. Clearly, and even for the C0
and C2 coe�cients, increasing ⇤ values one starts seeing more
high energy details of the theory.

Even at NLO the question is how small must be the cut-o↵
scale so that Eq. (14) works. There is a maximum value ⇤WB
for the cuto↵ scale ⇤ above which one cannot fix the strengths
of the contact interactions C(0)

2 and C(2)
2 by fitting the experi-

mental values of both the scattering length ↵0 and the e↵ec-
tive range r0 while keeping the renormalized potential hermi-
tian. This limit corresponds to the Wigner causality bound re-
alized as an o↵-shell unitarity condition [20, 30]. Indeed, for

1Actually from a dimensional point of view the two-body operators with
four derivatives are suppressed as compared to contact three body operators.
The o↵-shellness of the two body problem can be equivalently be translated
into some three-body properties [29].
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⌘ Hs0 . Using that Trel is indepen-
dent of s, we obtain

dVs

ds
= [⌘s,Hs] . (9)

In a partial-wave relative momentum space basis, the projection
operators are determined in terms of a momentum cuto↵ scale
⇤ that divides the momentum space into a low-momentum P-
space (p < ⇤) and a high-momentum Q-space (p > ⇤),

P ⌘ ✓(⇤ � p); Q ⌘ ✓(p � ⇤) . (10)

The potential Vs can be written as,

Vs ⌘
0
BBBBBBBB@

PVsP PVsQ

QVsP QVsQ

1
CCCCCCCCA . (11)

By choosing the block-diagonal generator, the matrix-elements
inside the o↵-diagonal blocks PVsQ and QVsP are suppressed
as the flow parameter s increases (or as the similarity cuto↵
� decreases), such that the hamiltonian is driven to a block-
diagonal form,

lim
�!0

V� = PVlowkP + QVhighkQ =

0
BBBBBBBB@

Vlow k 0

0 Vhigh k

1
CCCCCCCCA (12)

Thus, in the limit � ! 0 the P-space and the Q-space become
completely decoupled. Thus, while unitarity implies ��(p) =
�(p) for any � one has

lim
�!0
��(p) = �lowk(p) + �highk(p) (13)

where �lowk(p) = �(p)✓(⇤� p) and �highk(p) = �(p)✓(p�⇤) are
the phase shifts of the Vlow k and Vhigh k potentials respectively
(see Eq. (4)).

4. Implicit Renormalization: Low cut-o↵ evolution

At low cut-o↵s ⇤ we may approximate the hermitian e↵ec-
tive interaction by a polymomial,

V⇤(p0, p) = C0 +C2(p2 + p02)
+ C4(p4 + p04) +C04 p2 p02 + . . . . (14)

where C0,C2,C4,C04, . . . are real coe�cients depending on ⇤
to be determined. This corresponds to a theory with contact
interactions only. Using the potential of Eq. (14) the LS Eq. (3)
reduces to a system of algebraic equations which solution is
well known (see e.g. Ref. [20]). At lowest leading order (LO)
we just keep the leading term C0 and get

C0(⇤) =
↵0

1 � 2⇤↵0
⇡

, (15)

showing that lim⇤!0 V⇤(0, 0) = ↵0. Going to Next-to-leafing
order (NLO) we obtain

� 1
↵0⇤

=
4
⇣
�2c2

2 + 90⇡4 + 15(3c0 + 2c2)⇡2
⌘

9⇡
⇣
c2

2 � 10c0⇡2
⌘ , (16)

r0⇤ =
16
⇣
c2

2 + 12⇡2c2 + 9⇡4
⌘

⇡
�
c2 + 6⇡2�2 �

12c2
⇣
c2 + 12⇡2

⌘

�
c2 + 6⇡2�2

1
↵0⇤

+
3c2⇡

⇣
c2 + 12⇡2

⌘

�
c2 + 6⇡2�2

1
↵2

0⇤
2
,

where c0 = 4⇡⇤C0, c2 = 4⇡⇤3C2. In the second equation we
have eliminated C0 in terms of ↵0. This leads for any cut-o↵
⇤ to the mapping (↵0, r0) ! (C0,C2). At this level of approxi-
mation there are two branches and we choose the one consistent
with the LO one for⇤! 0, see Eq. (15) and Fig. 2. We will de-
note LO by C(0)

0 and NLO by C(2)
0 and C(2)

0 . One should note that
in the case of the 3S 1 channel C(0)

0 is singular and the derivatives
of C(0)

2 and C(2)
2 are discontinuous at ⇤ = ⇡/2↵0 ⇠ 0.3 fm�1,

which is the momentum scale where the deuteron bound-state
appears. The strong resemblance of both 1S 0 and 3S 1 at the
scales around ⇤ ⇠ 1fm�1 is just a reminiscent of the SU(4)
Wigner symmetry for the two-nucleon system [26, 7, 27, 28].

One can in principle improve by including more terms be-
yond second order in Eq. (14). The problem is that there are
two such terms C4 and C04 [20] but there is only one low en-
ergy parameter in the ERE, v2 in Eq. (6). This is so because
scattering does not depend just on the on-shell potential. Thus,
the implicit renormalization is not unique beyond NLO. This
is just a manifestation of the ambiguities of the inverse scatter-
ing problem which can only be fixed after three or higher body
properties are taken into account 1. Clearly, and even for the C0
and C2 coe�cients, increasing ⇤ values one starts seeing more
high energy details of the theory.

Even at NLO the question is how small must be the cut-o↵
scale so that Eq. (14) works. There is a maximum value ⇤WB
for the cuto↵ scale ⇤ above which one cannot fix the strengths
of the contact interactions C(0)

2 and C(2)
2 by fitting the experi-

mental values of both the scattering length ↵0 and the e↵ec-
tive range r0 while keeping the renormalized potential hermi-
tian. This limit corresponds to the Wigner causality bound re-
alized as an o↵-shell unitarity condition [20, 30]. Indeed, for

1Actually from a dimensional point of view the two-body operators with
four derivatives are suppressed as compared to contact three body operators.
The o↵-shellness of the two body problem can be equivalently be translated
into some three-body properties [29].
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TOY MODEL - 1S0 & 3S1

in the SRG-cut-o↵ � for unbound operators defined on the
Hilbert space, and they have only been solved exactly for sim-
ple cases [18]. For most cases however, SRG equations must be
numerically posed on a finite N�dimensional momentum grid,
pn, and the di↵erential equations require a further grid in the
SRG-cut-o↵ �i which introduces two infrared resolution scales
�pn and ��i. In the BD-SRG equations ⇤ takes values on the
momentum grid pn. The interplay among these scales makes
the limit �  �p,⇤ numerically sti↵ and computationally ex-
pensive. We will show that this infrared behaviour is best re-
produced by directly using low energy scattering data in the
continuum and, most remarkably, that e↵ective interactions are
accurately determined this way in a wide cut-o↵ range.

2. Bare and e↵ective interaction

We review briefly the renormalization problem for the two-
nucleon system from a Wilsonian point of view to introduce our
notation in a way that our results can be easily stated ( see e.g.
Ref. [19] for an alternative set up). To motivate the discussion
let us consider NN scattering, where one solves the Lippmann-
Schwinger (LS) equation for the bare potential V . Taking the
case of S-waves we have for the half-o↵-shell K�matrix,

K(p0, p) = V(p0, p) +
2
⇡
�
Z 1

0
dq

q2V(p0, q)
p2 � q2 K(q, p) (1)

where K(p0, p) is the reaction matrix which relation to the
phase-shifts is given by

tan �(p)
p

= �K(p, p) (2)

The e↵ective interation V⇤(p0, p) corresponds to a self-adjoint
operator, V⇤(p0, p) = V⇤(p, p0)⇤, acting in a reduced model
Hilbert space with p, p0  ⇤ and fulfills

K⇤(p0, p) = V⇤(p0, p) +
2
⇡
�
Z ⇤

0
dq

q2V⇤(p0, q)
p2 � q2 K⇤(q, p) . (3)

Using the similar definition of Eq. (2) we get

�⇤(p) = �(p)⇥(⇤ � p) . (4)

The idea is that by using this truncation one can work in a
smaller space, without explicit reference to high energy states.
This does not provide a unique definition of the e↵ective inter-
action, so an auxiliary condition must be specified. In the orig-
inal Vlowk approach [20] the half-o↵ shell T-matrix was fixed to
the bare one, a procedure which did not guarantee a self-adjoint
operator, and hence a subsequent hermitization procedure was
required. In the BD-SRG approach [17] the hermiticity is pre-
served along the SRG evolution.

The SRG method does not specify what the bare interaction
should be and is usually taken as a realistic potential which
fits NN data up to pion-production threshold, ⇤ . pm⇡MN ⇠
400MeV . This introduces a long high momentum tail due to
the short range repulsion which complicates the numerical con-
vergence when solving the SRG flow equations. For illustration
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Figure 1: 1S 0 and 3S 1 phase-shifts for the separable potential compared to
those determined by the grid method at the grid points for a numerical momen-
tum cut-o↵ Pmax = 5 and N = 50 gauss points.

purposes we take as the bare interaction the simple separable
potential for the NN S-waves

V↵(p, p0) = C↵g↵(p0)g↵(p) ↵ =1 S 0,
3 S 1 (5)

leading to the phase-shifts

p cot �↵(p) = � 1
V↵(p, p)

"
1 � 2
⇡
�
Z 1

0
dq

q2

p2 � q2 V↵(q, q)
#

= � 1
↵0
+

1
2

r0 p2 + v2 p4 + . . . (6)

where in the last line a low momentum E↵ective Range Ex-
pansion (ERE) has been carried out and the scattering length
↵0, the e↵ective range r0 and the v2 parameter have been intro-
duced. Parameters in Eq. (5) are adjusted to reproduce ↵0 and r0
which for a gaussian form factor g↵(p) = e�p2/L2 are listed in Ta-
ble 1. The resulting phase-shifts are presented in Fig. 1. While
they only resemble NN phase-shifts of the most recent Partial
Wave Analysis [21] at low momenta, these two channels illus-
trate Levinson’s theorem that �(0)� �(1) = n⇡ with n the num-
ber of bound states and n1S 0 = 0 and n3S 1 = 1. The pole of the
3S 1 scattering amplitude at p = i� = i0.2314 fm�1 gives a sat-
isfactory deuteron binding energy Ed = ��2/M = �2.22MeV.

Parameter ↵0 r0 C L
Units (fm) (fm) (fm) (fm�1)

1S 0 -23.74 2.77 -1.9158 0.6913
3S 1 5.42 1.75 -2.3006 0.4151

Table 1: Model parameters for the gaussian separable potential V↵(p0, p) =
C↵e�(p2+p02)/L2

↵ used in the calculations.

3. Explicit Renormalization: Block diagonal evolution

The SRG method developed by Glazek and Wilson [22, 23]
and independently by Wegner [24] (for a review see e.g. [25])
is based on a non-perturbative flow equation that governs the

2

V (p, p0) = C e�(p2+p02)/L2
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Effective theory principle
Physics at low energy / large distances scales is insensitive to 

the details of the physics at high energy / small distances scales



Similarity Renormalization Group

Doesn’t remove degrees of freedom

But suppresses states with large energy difference (off-diagonal elements):

⌅�L|H|�H⇧ ⇤ �n ⇥ (EH � EL) ⇥ �0

Hn [�n] = T (n)
Sim. {H0 [�0]}

Unitary transformation: doesn’t affect observables T †T = 1

Similarity Transformation:
S. D. Glazek and K. G. Wilson, Phys. Rev. D 48, 5863 (1993)



Similarity Renormalization Group
Wegner’s formulation:

Flow equation:

Hs = U(s) H U†(s) = T + Vs

d

ds
Hs = [Hs, �s]

�s = [Hs, HD]

�s = [Hs, T ] d

ds
Hs = [Hs, [Hs, T ]]

HD

s =
1
�4

(0 � s � ⇥)

lim
s�s0

Hs = Hs0

Transformation generator:

Using the free Hamiltonian:

Boundary condition:

Diagonal part of Hamiltonian

F. Wegner, Annalen der Physik (Berlin) 3, 77 (1994)

Flow parameter:

similarity cutoff: dimension of momentum



Similarity Renormalization Group

�s = [Hs, T ] d

ds
Hs = [Hs, [Hs, T ]]

For the NN interaction

S.K. Bogner, R.J. Furnstahl, and R.J. Perry, Phys. Rev. C 75, 061001(R) (2007)

S.K. Bogner, R.J. Furnstahl, R.J. Perry, and A. Schwenk, Phys. Lett. B 649, 488 (2007)

S. Szpigel and R. J. Perry, in “Quantum Field Theory, A 20th Century Profile”, ed. A.N. Mitra, (Hindustan Publishing Com., New Delhi, 2000)

E.D. Jurgenson, P. Navratil, R.J. Furnstahl, Phys. Rev. Lett. 103 (2009) 082501

With regular or regularized potentials

d

ds
Vs(p, p�) = �(p2 � p�2) V (p, p�) +

2
�

�
dq q2 (p2 + p�2 � 2q2) Vs(p, q) Vs(q, p�)s

http://xxx.lanl.gov/find/nucl-th/1/au:+Jurgenson_E/0/1/0/all/0/1
http://xxx.lanl.gov/find/nucl-th/1/au:+Jurgenson_E/0/1/0/all/0/1
http://xxx.lanl.gov/find/nucl-th/1/au:+Navratil_P/0/1/0/all/0/1
http://xxx.lanl.gov/find/nucl-th/1/au:+Navratil_P/0/1/0/all/0/1
http://xxx.lanl.gov/find/nucl-th/1/au:+Furnstahl_R/0/1/0/all/0/1
http://xxx.lanl.gov/find/nucl-th/1/au:+Furnstahl_R/0/1/0/all/0/1


SRG WITH BLOCK-DIAGONAL GENERATOR
unitary evolution of a hamiltonian H = Trel + V with a flow
parameter s that ranges from 0 to1,

dHs

ds
= [⌘s,Hs] , (7)

where ⌘s = [Gs,Hs] is an anti-hermitian operator that generates
the unitary transformations. We take the Block-diagonal SRG
generator [17] given by

Gs = HBD
s ⌘

0
BBBBBBBB@

PHsP 0

0 QHsQ

1
CCCCCCCCA . (8)

where P and Q = 1 � P are projection operators. The flow pa-
rameter s has dimensions of [energy]�2 and in terms of a sim-
ilarity cuto↵ � with dimension of momentum is given by the
relation s = ��4. The flow equation is to be solved with the
boundary condition Hs|s!s0

⌘ Hs0 . Using that Trel is indepen-
dent of s, we obtain

dVs

ds
= [⌘s,Hs] . (9)

In a partial-wave relative momentum space basis, the projection
operators are determined in terms of a momentum cuto↵ scale
⇤ that divides the momentum space into a low-momentum P-
space (p < ⇤) and a high-momentum Q-space (p > ⇤),

P ⌘ ✓(⇤ � p); Q ⌘ ✓(p � ⇤) . (10)

The potential Vs can be written as,

Vs ⌘
0
BBBBBBBB@

PVsP PVsQ

QVsP QVsQ

1
CCCCCCCCA . (11)

By choosing the block-diagonal generator, the matrix-elements
inside the o↵-diagonal blocks PVsQ and QVsP are suppressed
as the flow parameter s increases (or as the similarity cuto↵
� decreases), such that the hamiltonian is driven to a block-
diagonal form,

lim
�!0

V� = PVlowkP + QVhighkQ =

0
BBBBBBBB@

Vlow k 0

0 Vhigh k

1
CCCCCCCCA (12)

Thus, in the limit � ! 0 the P-space and the Q-space become
completely decoupled. Thus, while unitarity implies ��(p) =
�(p) for any � one has

lim
�!0
��(p) = �lowk(p) + �highk(p) (13)

where �lowk(p) = �(p)✓(⇤� p) and �highk(p) = �(p)✓(p�⇤) are
the phase shifts of the Vlow k and Vhigh k potentials respectively
(see Eq. (4)).

4. Implicit Renormalization: Low cut-o↵ evolution

At low cut-o↵s ⇤ we may approximate the hermitian e↵ec-
tive interaction by a polymomial,

V⇤(p0, p) = C0 +C2(p2 + p02)
+ C4(p4 + p04) +C04 p2 p02 + . . . . (14)

where C0,C2,C4,C04, . . . are real coe�cients depending on ⇤
to be determined. This corresponds to a theory with contact
interactions only. Using the potential of Eq. (14) the LS Eq. (3)
reduces to a system of algebraic equations which solution is
well known (see e.g. Ref. [20]). At lowest leading order (LO)
we just keep the leading term C0 and get

C0(⇤) =
↵0

1 � 2⇤↵0
⇡

, (15)

showing that lim⇤!0 V⇤(0, 0) = ↵0. Going to Next-to-leafing
order (NLO) we obtain

� 1
↵0⇤

=
4
⇣
�2c2

2 + 90⇡4 + 15(3c0 + 2c2)⇡2
⌘

9⇡
⇣
c2

2 � 10c0⇡2
⌘ , (16)

r0⇤ =
16
⇣
c2

2 + 12⇡2c2 + 9⇡4
⌘

⇡
�
c2 + 6⇡2�2 �

12c2
⇣
c2 + 12⇡2

⌘

�
c2 + 6⇡2�2

1
↵0⇤

+
3c2⇡

⇣
c2 + 12⇡2

⌘

�
c2 + 6⇡2�2

1
↵2

0⇤
2
,

where c0 = 4⇡⇤C0, c2 = 4⇡⇤3C2. In the second equation we
have eliminated C0 in terms of ↵0. This leads for any cut-o↵
⇤ to the mapping (↵0, r0) ! (C0,C2). At this level of approxi-
mation there are two branches and we choose the one consistent
with the LO one for⇤! 0, see Eq. (15) and Fig. 2. We will de-
note LO by C(0)

0 and NLO by C(2)
0 and C(2)

0 . One should note that
in the case of the 3S 1 channel C(0)

0 is singular and the derivatives
of C(0)

2 and C(2)
2 are discontinuous at ⇤ = ⇡/2↵0 ⇠ 0.3 fm�1,

which is the momentum scale where the deuteron bound-state
appears. The strong resemblance of both 1S 0 and 3S 1 at the
scales around ⇤ ⇠ 1fm�1 is just a reminiscent of the SU(4)
Wigner symmetry for the two-nucleon system [26, 7, 27, 28].

One can in principle improve by including more terms be-
yond second order in Eq. (14). The problem is that there are
two such terms C4 and C04 [20] but there is only one low en-
ergy parameter in the ERE, v2 in Eq. (6). This is so because
scattering does not depend just on the on-shell potential. Thus,
the implicit renormalization is not unique beyond NLO. This
is just a manifestation of the ambiguities of the inverse scatter-
ing problem which can only be fixed after three or higher body
properties are taken into account 1. Clearly, and even for the C0
and C2 coe�cients, increasing ⇤ values one starts seeing more
high energy details of the theory.

Even at NLO the question is how small must be the cut-o↵
scale so that Eq. (14) works. There is a maximum value ⇤WB
for the cuto↵ scale ⇤ above which one cannot fix the strengths
of the contact interactions C(0)

2 and C(2)
2 by fitting the experi-

mental values of both the scattering length ↵0 and the e↵ec-
tive range r0 while keeping the renormalized potential hermi-
tian. This limit corresponds to the Wigner causality bound re-
alized as an o↵-shell unitarity condition [20, 30]. Indeed, for

1Actually from a dimensional point of view the two-body operators with
four derivatives are suppressed as compared to contact three body operators.
The o↵-shellness of the two body problem can be equivalently be translated
into some three-body properties [29].
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parameter s that ranges from 0 to1,
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where ⌘s = [Gs,Hs] is an anti-hermitian operator that generates
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rameter s has dimensions of [energy]�2 and in terms of a sim-
ilarity cuto↵ � with dimension of momentum is given by the
relation s = ��4. The flow equation is to be solved with the
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⌘ Hs0 . Using that Trel is indepen-
dent of s, we obtain
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⇤ that divides the momentum space into a low-momentum P-
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where c0 = 4⇡⇤C0, c2 = 4⇡⇤3C2. In the second equation we
have eliminated C0 in terms of ↵0. This leads for any cut-o↵
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scales around ⇤ ⇠ 1fm�1 is just a reminiscent of the SU(4)
Wigner symmetry for the two-nucleon system [26, 7, 27, 28].

One can in principle improve by including more terms be-
yond second order in Eq. (14). The problem is that there are
two such terms C4 and C04 [20] but there is only one low en-
ergy parameter in the ERE, v2 in Eq. (6). This is so because
scattering does not depend just on the on-shell potential. Thus,
the implicit renormalization is not unique beyond NLO. This
is just a manifestation of the ambiguities of the inverse scatter-
ing problem which can only be fixed after three or higher body
properties are taken into account 1. Clearly, and even for the C0
and C2 coe�cients, increasing ⇤ values one starts seeing more
high energy details of the theory.
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where c0 = 4⇡⇤C0, c2 = 4⇡⇤3C2. In the second equation we
have eliminated C0 in terms of ↵0. This leads for any cut-o↵
⇤ to the mapping (↵0, r0) ! (C0,C2). At this level of approxi-
mation there are two branches and we choose the one consistent
with the LO one for⇤! 0, see Eq. (15) and Fig. 2. We will de-
note LO by C(0)

0 and NLO by C(2)
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0 . One should note that
in the case of the 3S 1 channel C(0)

0 is singular and the derivatives
of C(0)
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which is the momentum scale where the deuteron bound-state
appears. The strong resemblance of both 1S 0 and 3S 1 at the
scales around ⇤ ⇠ 1fm�1 is just a reminiscent of the SU(4)
Wigner symmetry for the two-nucleon system [26, 7, 27, 28].

One can in principle improve by including more terms be-
yond second order in Eq. (14). The problem is that there are
two such terms C4 and C04 [20] but there is only one low en-
ergy parameter in the ERE, v2 in Eq. (6). This is so because
scattering does not depend just on the on-shell potential. Thus,
the implicit renormalization is not unique beyond NLO. This
is just a manifestation of the ambiguities of the inverse scatter-
ing problem which can only be fixed after three or higher body
properties are taken into account 1. Clearly, and even for the C0
and C2 coe�cients, increasing ⇤ values one starts seeing more
high energy details of the theory.

Even at NLO the question is how small must be the cut-o↵
scale so that Eq. (14) works. There is a maximum value ⇤WB
for the cuto↵ scale ⇤ above which one cannot fix the strengths
of the contact interactions C(0)

2 and C(2)
2 by fitting the experi-

mental values of both the scattering length ↵0 and the e↵ec-
tive range r0 while keeping the renormalized potential hermi-
tian. This limit corresponds to the Wigner causality bound re-
alized as an o↵-shell unitarity condition [20, 30]. Indeed, for

1Actually from a dimensional point of view the two-body operators with
four derivatives are suppressed as compared to contact three body operators.
The o↵-shellness of the two body problem can be equivalently be translated
into some three-body properties [29].
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where c0 = 4⇡⇤C0, c2 = 4⇡⇤3C2. In the second equation we
have eliminated C0 in terms of ↵0. This leads for any cut-o↵
⇤ to the mapping (↵0, r0) ! (C0,C2). At this level of approxi-
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scales around ⇤ ⇠ 1fm�1 is just a reminiscent of the SU(4)
Wigner symmetry for the two-nucleon system [26, 7, 27, 28].
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yond second order in Eq. (14). The problem is that there are
two such terms C4 and C04 [20] but there is only one low en-
ergy parameter in the ERE, v2 in Eq. (6). This is so because
scattering does not depend just on the on-shell potential. Thus,
the implicit renormalization is not unique beyond NLO. This
is just a manifestation of the ambiguities of the inverse scatter-
ing problem which can only be fixed after three or higher body
properties are taken into account 1. Clearly, and even for the C0
and C2 coe�cients, increasing ⇤ values one starts seeing more
high energy details of the theory.

Even at NLO the question is how small must be the cut-o↵
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ing problem which can only be fixed after three or higher body
properties are taken into account 1. Clearly, and even for the C0
and C2 coe�cients, increasing ⇤ values one starts seeing more
high energy details of the theory.

Even at NLO the question is how small must be the cut-o↵
scale so that Eq. (14) works. There is a maximum value ⇤WB
for the cuto↵ scale ⇤ above which one cannot fix the strengths
of the contact interactions C(0)

2 and C(2)
2 by fitting the experi-

mental values of both the scattering length ↵0 and the e↵ec-
tive range r0 while keeping the renormalized potential hermi-
tian. This limit corresponds to the Wigner causality bound re-
alized as an o↵-shell unitarity condition [20, 30]. Indeed, for

1Actually from a dimensional point of view the two-body operators with
four derivatives are suppressed as compared to contact three body operators.
The o↵-shellness of the two body problem can be equivalently be translated
into some three-body properties [29].
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dHs

ds
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ilarity cuto↵ � with dimension of momentum is given by the
relation s = ��4. The flow equation is to be solved with the
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⌘ Hs0 . Using that Trel is indepen-
dent of s, we obtain
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operators are determined in terms of a momentum cuto↵ scale
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The potential Vs can be written as,

Vs ⌘
0
BBBBBBBB@

PVsP PVsQ

QVsP QVsQ

1
CCCCCCCCA . (11)
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where C0,C2,C4,C04, . . . are real coe�cients depending on ⇤
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interactions only. Using the potential of Eq. (14) the LS Eq. (3)
reduces to a system of algebraic equations which solution is
well known (see e.g. Ref. [20]). At lowest leading order (LO)
we just keep the leading term C0 and get
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scales around ⇤ ⇠ 1fm�1 is just a reminiscent of the SU(4)
Wigner symmetry for the two-nucleon system [26, 7, 27, 28].
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two such terms C4 and C04 [20] but there is only one low en-
ergy parameter in the ERE, v2 in Eq. (6). This is so because
scattering does not depend just on the on-shell potential. Thus,
the implicit renormalization is not unique beyond NLO. This
is just a manifestation of the ambiguities of the inverse scatter-
ing problem which can only be fixed after three or higher body
properties are taken into account 1. Clearly, and even for the C0
and C2 coe�cients, increasing ⇤ values one starts seeing more
high energy details of the theory.
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alized as an o↵-shell unitarity condition [20, 30]. Indeed, for
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⇤ to the mapping (↵0, r0) ! (C0,C2). At this level of approxi-
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appears. The strong resemblance of both 1S 0 and 3S 1 at the
scales around ⇤ ⇠ 1fm�1 is just a reminiscent of the SU(4)
Wigner symmetry for the two-nucleon system [26, 7, 27, 28].

One can in principle improve by including more terms be-
yond second order in Eq. (14). The problem is that there are
two such terms C4 and C04 [20] but there is only one low en-
ergy parameter in the ERE, v2 in Eq. (6). This is so because
scattering does not depend just on the on-shell potential. Thus,
the implicit renormalization is not unique beyond NLO. This
is just a manifestation of the ambiguities of the inverse scatter-
ing problem which can only be fixed after three or higher body
properties are taken into account 1. Clearly, and even for the C0
and C2 coe�cients, increasing ⇤ values one starts seeing more
high energy details of the theory.

Even at NLO the question is how small must be the cut-o↵
scale so that Eq. (14) works. There is a maximum value ⇤WB
for the cuto↵ scale ⇤ above which one cannot fix the strengths
of the contact interactions C(0)

2 and C(2)
2 by fitting the experi-

mental values of both the scattering length ↵0 and the e↵ec-
tive range r0 while keeping the renormalized potential hermi-
tian. This limit corresponds to the Wigner causality bound re-
alized as an o↵-shell unitarity condition [20, 30]. Indeed, for

1Actually from a dimensional point of view the two-body operators with
four derivatives are suppressed as compared to contact three body operators.
The o↵-shellness of the two body problem can be equivalently be translated
into some three-body properties [29].

3

unitary evolution of a hamiltonian H = Trel + V with a flow
parameter s that ranges from 0 to1,

dHs

ds
= [⌘s,Hs] , (7)

where ⌘s = [Gs,Hs] is an anti-hermitian operator that generates
the unitary transformations. We take the Block-diagonal SRG
generator [17] given by

Gs = HBD
s ⌘

0
BBBBBBBB@

PHsP 0

0 QHsQ

1
CCCCCCCCA . (8)

where P and Q = 1 � P are projection operators. The flow pa-
rameter s has dimensions of [energy]�2 and in terms of a sim-
ilarity cuto↵ � with dimension of momentum is given by the
relation s = ��4. The flow equation is to be solved with the
boundary condition Hs|s!s0

⌘ Hs0 . Using that Trel is indepen-
dent of s, we obtain

dVs

ds
= [⌘s,Hs] . (9)

In a partial-wave relative momentum space basis, the projection
operators are determined in terms of a momentum cuto↵ scale
⇤ that divides the momentum space into a low-momentum P-
space (p < ⇤) and a high-momentum Q-space (p > ⇤),

P ⌘ ✓(⇤ � p); Q ⌘ ✓(p � ⇤) . (10)

The potential Vs can be written as,

Vs ⌘
0
BBBBBBBB@

PVsP PVsQ

QVsP QVsQ

1
CCCCCCCCA . (11)

By choosing the block-diagonal generator, the matrix-elements
inside the o↵-diagonal blocks PVsQ and QVsP are suppressed
as the flow parameter s increases (or as the similarity cuto↵
� decreases), such that the hamiltonian is driven to a block-
diagonal form,

lim
�!0

V� = PVlowkP + QVhighkQ =

0
BBBBBBBB@

Vlow k 0

0 Vhigh k

1
CCCCCCCCA (12)

Thus, in the limit � ! 0 the P-space and the Q-space become
completely decoupled. Thus, while unitarity implies ��(p) =
�(p) for any � one has

lim
�!0
��(p) = �lowk(p) + �highk(p) (13)

where �lowk(p) = �(p)✓(⇤� p) and �highk(p) = �(p)✓(p�⇤) are
the phase shifts of the Vlow k and Vhigh k potentials respectively
(see Eq. (4)).

4. Implicit Renormalization: Low cut-o↵ evolution

At low cut-o↵s ⇤ we may approximate the hermitian e↵ec-
tive interaction by a polymomial,

V⇤(p0, p) = C0 +C2(p2 + p02)
+ C4(p4 + p04) +C04 p2 p02 + . . . . (14)

where C0,C2,C4,C04, . . . are real coe�cients depending on ⇤
to be determined. This corresponds to a theory with contact
interactions only. Using the potential of Eq. (14) the LS Eq. (3)
reduces to a system of algebraic equations which solution is
well known (see e.g. Ref. [20]). At lowest leading order (LO)
we just keep the leading term C0 and get

C0(⇤) =
↵0

1 � 2⇤↵0
⇡

, (15)

showing that lim⇤!0 V⇤(0, 0) = ↵0. Going to Next-to-leafing
order (NLO) we obtain

� 1
↵0⇤

=
4
⇣
�2c2

2 + 90⇡4 + 15(3c0 + 2c2)⇡2
⌘

9⇡
⇣
c2

2 � 10c0⇡2
⌘ , (16)

r0⇤ =
16
⇣
c2

2 + 12⇡2c2 + 9⇡4
⌘

⇡
�
c2 + 6⇡2�2 �

12c2
⇣
c2 + 12⇡2

⌘

�
c2 + 6⇡2�2

1
↵0⇤

+
3c2⇡

⇣
c2 + 12⇡2

⌘

�
c2 + 6⇡2�2

1
↵2

0⇤
2
,

where c0 = 4⇡⇤C0, c2 = 4⇡⇤3C2. In the second equation we
have eliminated C0 in terms of ↵0. This leads for any cut-o↵
⇤ to the mapping (↵0, r0) ! (C0,C2). At this level of approxi-
mation there are two branches and we choose the one consistent
with the LO one for⇤! 0, see Eq. (15) and Fig. 2. We will de-
note LO by C(0)

0 and NLO by C(2)
0 and C(2)

0 . One should note that
in the case of the 3S 1 channel C(0)

0 is singular and the derivatives
of C(0)

2 and C(2)
2 are discontinuous at ⇤ = ⇡/2↵0 ⇠ 0.3 fm�1,

which is the momentum scale where the deuteron bound-state
appears. The strong resemblance of both 1S 0 and 3S 1 at the
scales around ⇤ ⇠ 1fm�1 is just a reminiscent of the SU(4)
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1Actually from a dimensional point of view the two-body operators with
four derivatives are suppressed as compared to contact three body operators.
The o↵-shellness of the two body problem can be equivalently be translated
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Is this low-momentum interaction, obtained by the 
explicit integration of the high-momentum components, 
similar to the contact theory obtained by the implicit 
connection with the low-energy physics ???

unitary version of the V_low k

⇤
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Figure 2: C(0)
0 , C(0)

2 and C(2)
2 for the contact theory in the continuum regulated by a sharp momentum cuto↵ for the 1S 0 channel and the 3S 1 channel. The parameters

are determined from the solution of the LS equation for the on-shell K-matrix by fitting the ERE parameters

⇤ > ⇤WB ⇠ 1.9 fm�1 in the case of the 1S 0 channel and
⇤ > ⇤WB ⇠ 2.4 fm�1 in the case of the 3S 1 channel, the pa-
rameters C(0)

2 and C(2)
2 diverge before taking complex values

and hence violating the hermiticity of the e↵ective potential in
Eq. (14).

5. Numerical results

The Block-Diagonal-SRG equations, Eq.(9), have to be
solved numerically on a momentum grid with N-points yield-
ing 4 ⇥ N2 non-linear first order coupled di↵erential equations.
Furthermore, an auxiliary numerical cut-o↵ Pmax = N�p must
also be introduced. It is interesting to test the space dimen-
sions needed to solve the contact theory close to the contin-
uum. This is shown in Fig. 3 where one sees that large N is
needed to reproduce the continuum limit. We will set N = 50
and Pmax = 5fm�1 to our SRG calculations, solve the system
of 4 ⇥ N2 non-linear first-order coupled di↵erential equations
by using an adaptative fifth-order Runge-Kutta algorithm as in
Ref. [30] and compare the results to the contact interaction with
the same N and Pmax. We check unitarity by comparing phase-
shifts along the � evolution, ��(p) = �(p). The sharp momen-
tum projectors in Eq. (10) may be regularized as smooth pro-
jectors [31] (Q ⌘ 1 � P)

P = ⇥(⇤ � p) = lim
n!1 e�(p/⇤)n

, (17)

and we will take the values n = 2, 4, 8, 16 to check convergence.
We want to compare the running of the coe�cients C0 and C2
with the cut-o↵ ⇤ in the contact theory potential at NLO to the
running of the corresponding coe�cients C̃0 and C̃2 with the
Vlowk cuto↵ (⌘ ⇤) extracted from a polynomial fit of the BD-
SRG-evolved gaussian potential,

V�,⇤(p, p0) = C̃0 + C̃2 (p2 + p02) + · · · . (18)

The parameters C and L in the initial gaussian potential (�,⇤!
1), defined by Eq. (5), and the coe�cients C0 and C2 in the
contact theory potential at NLO are determined from the so-
lution of the LS equation for the K-matrix on the finite mo-
mentum grid by fitting the experimental values of the scatter-
ing length ↵0 and the e↵ective range r0. The coe�cients C̃0

and C̃2 are determined by fitting the diagonal matrix-elements
of the BD-SRG-evolved potential for the lowest momenta with
the polynomial form and the finite momentum grid.

In Fig. 4 we show the results for C̃0 and ⇤2C̃2 extracted from
the 1S 0 channel and the 3S 1 channel BD-SRG-evolved gaus-
sian potentials on a grid (with N = 50 gauss points and Pmax =
5 fm�1) and down to the lowest SRG cuto↵ � = 0.1fm�1, com-
pared to C0 and ⇤2C2 obtained for the contact theory potential
at NLO (on the same grid) regulated by a smooth exponential
momentum cuto↵ with sharpness parameter n = 16. As we
see, there is a remarkably good agreement between the coe�-
cients extracted from the BD-SRG-evolved potential and those
obtained for the contact theory in the limit �! 0.

It is important to point out that the agreement between the
running of the coe�cients C0 and C2 in the contact theory po-
tential and the running of the coe�cients C̃0 and C̃2 extracted
from the BD-SRG-evolved gaussian potential as the similarity
cuto↵ � decreases below ⇤ can be traced to the decoupling be-
tween the P-space and the Q-space, which follows a similar
pattern. Thus, in the limit � ! 0 we expect to achieve a high
degree of agreement for cuto↵s ⇤ up to ⇤WB determined by the
Wigner bound for the contact theory.

The overlapp between the discretized explicit and implicit
numerical solutions is verified in a wide range of cut-o↵s ⇤.
If continuum accuracy was to be judged from the slow conver-
gence pattern of Fig. 3, the equivalent BD-SRG calculations
would be out of question. Thus, the continuum limit �p! 0 is
better and more simply represented by the implicit approach.

For the 1S 0 and 3S 1 neutron-proton scattering states this
range is within 0.5fm�1  ⇤  1.5fm�1. This is a welcome
feature, since it suggests that the bulk of the e↵ective interac-
tion and its scale dependence can directly be extracted from low
energy NN data. This was the purpose of a previous analysis [7]
where the Skyrme force parameters just deducible from the NN
interaction in S- and P-waves were determined. Of course, the
presumably small corrections due to long distance e↵ects like
One-Pion-Exchange (OPE) in the determination of the e↵ec-
tive interaction at these low cut-o↵s remains to be seen (see e.g.
Ref. [32]).
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FINAL REMARKS
• The Toy model allow us to perform the SRG evolution 
towards the infrared region so that we have a complete 
separation of the V_low k and the V_high k part

• In the infrared limit, the V_low part is the same as the 
contact theory in a wide cutoff range 
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