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New challenges in meson physics
Motivation

‣ Upcoming intense experimental activity to explore meson structure
GlueX (Jlab), PANDA (GSI)
‣ Search for exotic mesons (hybrids, glueballs) 
‣ Need to understand “conventional” mesons in more detail
‣ Pion transition form factors

Hadronic contributions to light-by-light scattering
Source of uncertainty in anomalous magnetic moment of the muon
Important in search for physics beyond the Standard Model 

F. Jegerlehner, A. Nyffeler / Physics Reports 477 (2009) 1–110 49

(a) [L.D.]. (b) [L.D.]. (c) [S.D.].

Fig. 34. Hadronic light-by-light scattering diagrams in a low energy effective model description. Diagrams (a) and (b) represent the long distance [L.D.]
contributions at momenta p  ⇤, diagram (c) involving a quark loop which yields the leading short distance [S.D.] part at momenta p � ⇤ with
⇤ ⇠ 1 to 2 GeV an UV cut-off. Internal photon lines are dressed by ⇢–� mixing.

Table 6
Orders with respect to 1/Nc and chiral expansion of typical leading contributions shown in Fig. 34.

Diagram 1/Nc expansion p expansion Type

Fig. 34(a) Nc p6 ⇡0, ⌘, ⌘0 exchange
Fig. 34(a) Nc p8 a1, ⇢,! exchange
Fig. 34(b) 1 p4 Meson loops (⇡±, K±)
Fig. 34(c) Nc p8 Quark loops

Kinoshita (HK 1998) [246] (see also Kinoshita, Nizic and Okamoto (KNO 1985) [79]). Although the details of the calculations
are quite different, which results in a different splitting of various contributions, the results are in good agreement and
essentially given by the ⇡0-pole contribution, which was taken with the wrong sign, however. In order to eliminate the
cut-off dependence in separating L.D. and S.D. physics, more recently it became favorable to use quark–hadron duality, as
it holds in the large Nc limit of QCD [252,253], for modeling of the hadronic amplitudes [245]. The infinite series of narrow
vector states known to show up in the large Nc limit is then approximated by a suitable lowest meson dominance (LMD)
ansatz [255], assumed to be saturated by known low lying physical states of appropriate quantum numbers. This approach
was adopted in a reanalysis by Knecht and Nyffeler (KN 2001) [17,250], in which they discovered a sign mistake in the
dominant ⇡0, ⌘, ⌘0 exchange contribution (see also [256,257]), which changed the central value by +167 ⇥ 10�11, a 2.8
� shift, and which reduced a larger discrepancy between theory and experiment. More recently Melnikov and Vainshtein
(MV 2004) [258] found additional problems in previous calculations, this time in the short distance constraints (QCD/OPE)
used in matching the high energy behavior of the effective models used for the ⇡0, ⌘, ⌘0 exchange contribution. Most
evaluations have adopted the pion–pole approximation which, however, violates four-momentum conservation at the
external⇡0� ⇤� vertex, if used too naively, as pointed out in Refs. [258,44,46]. In the followingwewill attempt an evaluation
which avoids such manifest inconsistencies. Maybe some of the confusion in the recent literature was caused by the fact
that the distinction between off-shell and on-shell (pion–pole) form factors was not made properly.

Let us start now with a setup of what one actually has to calculate. We will closely follow Ref. [17] in the following.
The hadronic light-by-light scattering contribution to the electromagnetic vertex is represented by the diagram Fig. 31.
According to the diagram, a complete discussion of the hadronic light-by-light contributions involves the full rank–four
hadronic vacuum polarization tensor

⇧µ⌫�⇢(q1, q2, q3) =
Z

d4x1d4x2d4x3 ei (q1x1+q2x2+q3x3) h0 | T {jµ(x1)j⌫(x2)j�(x3)j⇢(0)} | 0 i. (145)

The external photon momentum k is incoming, the qi’s of the virtual photons are outgoing from the hadronic ‘‘blob’’.
Here jµ(x) ⌘ ( ̄ Q̂�µ )(x) ( ̄ = (ū, d̄, s̄), Q̂ = diag(2, �1, �1)/3 the charge matrix) denotes the light quark part of
the electromagnetic current. Since jµ(x) is conserved, the tensor ⇧µ⌫�⇢(q1, q2, q3) satisfies the Ward–Takahashi identities
{qµ

1 ; q⌫2; q�3; k⇢}⇧µ⌫�⇢(q1, q2, q3) = 0 , with k = (q1 + q2 + q3) which implies

⇧µ⌫�⇢(q1, q2, k � q1 � q2) = �k� (@/@k⇢)⇧µ⌫�� (q1, q2, k � q1 � q2), (146)
and thus tells us that the object of interest is linear in k when we go to the static limit kµ ! 0 in which the anomalous
magnetic moment is defined. As a consequence the electromagnetic vertex amplitude takes the form ⇧⇢(p 0, p) =
k�⇧⇢� (p 0, p) and the hadronic light-by-light contribution to the muon anomalous magnetic moment is given by (see
also [158])

FM(0) = 1
48mµ

Tr
�

(6p + mµ)[� ⇢, � � ](6p + mµ)⇧⇢� (p, p)
 

. (147)

The required vertex tensor amplitude is determined by

⇧⇢� (p 0, p) = �ie6
Z

d4q1
(2⇡)4

d4q2
(2⇡)4

1
q21 q

2
2 (q1 + q2 � k)2

1
(p 0 � q1)2 � m2

µ

1
(p � q1 � q2)2 � m2

µ

⇥ � µ(6p 0� 6q1 + mµ)� ⌫(6p� 6q1� 6q2 + mµ)� �
@

@k⇢
⇧µ⌫�� (q1, q2, k � q1 � q2), (148)
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Fig. 31. Assignment of momenta for the calculation of the hadronic contribution of the light-by-light scattering to the muon electromagnetic vertex.

Fig. 32. The invariant � � mass spectrum obtained with the Crystal Ball detector [242]. The three spikes seen represent the � � ! pseudoscalar (PS)
! � � excitations: PS = ⇡0, ⌘, ⌘0 .

Fig. 33. Hadronic light-by-light scattering is dominated by ⇡0-exchange in the odd parity channel, pion loops etc. at long distances (L.D.) and quark loops
including hard gluonic corrections at short distances (S.D.). The photons in the effective theory couple to hadrons via � � ⇢0 mixing.

As a contribution to the anomalous magnetic moment three of the four photons in Fig. 31 are virtual and to be integrated
over all four-momentum space, such that a direct experimental input for the non-perturbative dressed four-photon
correlator is not available. In this case one has to resort to the low energy effective descriptions of QCD like chiral perturbation
theory (CHPT) extended to include vector-mesons. Note that early evaluations assumed that the main contribution to
hadronic light-by-light scattering comes frommomentum regions around themuonmass. Itwas later observed in Refs. [243,
244] that the higher momentum region, around 500–1000 MeV, also gives important contributions. Therefore, hadronic
resonances beyond the Goldstone bosons of CHPT need to be considered as well. The Resonance Lagrangian Approach (RLA)
realizes vector-meson dominance model (VMD) ideas in accord with the low energy structure of QCD [88]. Other effective
theories are the extendedNambu–Jona–Lasinio (ENJL)model [244] (see also [245]) or the very similar hidden local symmetry
(HLS) model [243,246]; approaches more or less accepted as a framework for the evaluation of the hadronic LbL effects. The
amazing fact is that the interactions involved in the hadronic LbL scattering process are the parity conserving QED and QCD
interactions while the process is dominated by the parity odd pseudoscalar meson-exchanges. This means that the effective
⇡0� � interaction vertex exhibits the parity violating �5 coupling, which of course in � � ! ⇡0 ! � � must appear twice



EFB22 KrakowAlfred Stadler, University of Évora Singularity-free two-body equation with confining interactions in momentum space

‣ Construct a model to describe all     -type mesons
‣ Covariant framework (CST) - light quarks require relativistic treatment

Work in Minkowski space (physical momenta)
Improve on previous work by Gross, Milana, Savkli
‣ Quark self-energy from      interaction kernel (consistent quark mass function)
‣ Chiral symmetry: massless pion in chiral limit of vanishing bare quark mass
‣ Calculate meson spectrum and bound state vertex functions (wave functions)
‣ Pion elastic and transition form factors
‣ Learn about confining interaction (scalar vs. vector, etc.)

qq̄

qq̄

A unified model for all      mesonsqq̄

Our objectives

Much important work was done on meson structure

‣ Cornell-type potential models (Isgur and Godfrey, Spence and Vary, etc.)
But: nonrelativistic (or “relativized”); structure of constituent quark and relation to 
existence of zero-mass pion in chiral limit not addressed
‣ Dyson-Schwinger approach (C. Roberts et al.) 

But: Euclidean space; only Lorentz vector confining interaction
‣ Lattice QCD (also Euclidean space), EFT, Bethe-Salpeter, Light-front, Point-form, ...
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Covariant two-body bound-state equation
Start from the Bethe-Salpeter (BS) equation

P = k1 � k2

k = (k1 + k2)/2

total momentum
relative momentum

vertex function�(k, P ) �(k1, k2)or

V(p, k) kernel

�BS(p, P ) = i

Z
d4k

(2⇡)4
V(p, k;P )S1(k1)�BS(k, P )S2(k2)

Si(ki) =
1

m0i � /ki + ⌃i(/ki)� i✏
⌃i(/ki) = Ai(k

2
i ) + /kiBi(k

2
i )

p1

�p2 �k2

k1

V �
P

p1

�p2

�
P

=

Kernel contains confining interaction + color Coulomb (or constant)
In the BS equation it is effectively iterated to all orders

But the complete kernel is a sum of an infinite number of irreducible diagrams 
→ has to be truncated (most often: ladder approximation)

Now we take a closer look at the loop integration over k0
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If bound-state mass    is small:
both poles are close together (both important)

From Bethe-Salpeter to CST

= + + +

3

Charge conjugation, denoted by the operator C, trans-
forms quarks into antiquarks and vice versa, accom-
plished by taking the transpose of the vertex function
and changing p1 $ �p2. The amplitude is invariant un-
der charge conjugation if it remains unchanged up to a
phase ⌘, with ⌘2 = 1. The required condition is therefore

C�1 �T
BS(�p, P ) C = ⌘ �BS(p, P ) , (8)

where we have used that p1 = p+ 1
2P $ �p2 = �p+ 1

2P
implies p $ �p. Performing this operation on Eq. (1),
and using C�1 �µT C = ��µ and the charge conjugation
invariant conditions

C�1VT (p, k;P )C = V(�p,�k;P )

C�1ST (k)C = S(�k) (9)

gives

C�1�T
BS(�p, P )C = i

Z

d4k

(2⇡)4
V(p,�k;P )S(�k2)

h

C�1�T
BS(k, P )C

i

S(�k1)

= i

Z

d4k

(2⇡)4
V(p, k;P )S(k1)

h

C�1�T
BS(�k, P )C

i

S(k2) , (10)

which shows that C�1�T
BS(�p, P )C satisfies the same

equation as �BS(p, P ) (and hence the two are equal up
to a phase), provided conditions for the propagators and
kernel, Eqs. (7) and (9), are satisfied. We will always
choose kernels that satisfy condition (9).

Note that a crucial step in the derivation was our abil-
ity to change the four-dimensional integration variable
k ! �k. This condition must be preserved when we
specialize to the Covariant Spectator Theory (CST).

B. Charge conjugation invariant CST equations

Next we introduce a charge conjugation invariant form
of the bound-state CST equations. For cases when we
want the correct limit as P ! 0 these are the “four-
channel” equations previously discussed [3].

To motivate the structure of these equations, begin
with the BS equation (1) and consider the k0 integration.
The dressed propagator of quark i with dressed mass m
and renormalization constant Z0 can be written

S(ki) ' Z0(m+ /ki)

m2 � k2i � i✏
(11)

near its poles at ki0 = ±Eki , where Eki ⌘ p

m2 + k2
i .

Figure 2 shows the positions of the four propagator poles
in the complex k0 plane in the bound-state rest frame
(note that k0 is the zero component of the relative mo-

mentum k, not of the individual particle momenta ki).
In the rest frame, the total momentum is Pr = (µ,0),
the quark and antiquark three-momenta ki are equal to
the relative three-momentum k, and therefore Eki = Ek,
with Ek ⌘ p

m2 + k2. However, in the following we will
continue working in an arbitrary frame with total mo-
mentum P in order to emphasize the manifest covariance
of our framework.

To perform the k0 integration we can close the contour
in the lower or upper half plane. In the CST framework
only poles of propagators are included, whereas the poles
of the kernel are moved to higher order kernels, and ne-
glected. As one can see in Fig. 2, in either half plane the

�Ek � µ
2 �Ek +

µ
2

Ek � µ
2 Ek +

µ
2

Im k0

Re k0

FIG. 2. (color online) The positive-energy poles (colored crosses

with positive Ek) and negative-energy (white crosses with negative

Ek) poles of the propagators of quark 1 (red with �µ/2) and quark

2 (cyan with +µ/2) in the complex k0-plane in the bound-state rest

frame.

respective two poles are separated by the bound-state
mass µ. If µ is large, the pole closer to the origin dom-
inates the integral, and the more distant pole can be
neglected. However, in the limit P ! 0 the two poles
move close together and the contributions of both must
be taken into account.
First we close the k0 contour in the lower half plane.

Introducing the on-shell momenta k̂i = (Eki ,ki) and us-
ing the form (11) for the dressed propagators permits the
two propagator pole contributions to the right hand side
of (1) to be written

�(p, P ) = �Z0

Z

k1

V(p, k̂1 � 1
2P ;P )(m+ /̂k1)

⇥�(k̂1 � 1
2P, P )S(k̂1 � P )

�Z0

Z

k2

V(p, k̂2 + 1
2P ;P )S(k̂2+ + P )

⇥�(k̂2 +
1
2P, P )(m+ /̂k2) , (12)

Integration over relative energy k0:
‣ Keep only pole contributions from propagators
‣Move kernel poles to higher-order kernels
‣ Cancellations between ladder and crossed ladder 

diagrams can occur
‣ Reduction to 3D loop integrations, but covariant
‣Works very well in few-nucleon systems

Symmetrize pole contributions from both half planes:
resulting equation is symmetric under charge conjugation

Covariant Spectator Theory (CST)

CST amplitudesBS amplitude (approx.)

µ

Mini-review: A.S., F. Gross, Few-Body Syst. 49, 91 (2010)

2×
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Four-channel CST equation
Closed set of equations when external legs are systematically placed onshell

=

=

=

=

+ + +

+ + +

+ + +

+ + +

2×

2×

2×

2×

Approximations can be made for special cases
‣ Heavy-light quark systems: 2 channels
‣ Large bound-state mass: 1 channel
Nonrelativistic limit: Schrödinger equation

Quark self-energy, chiral symmetry, 
etc. → talk by E. Biernat
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Linear confinement potential in momentum space

But how to define a linear potential in momentum space?
Model confining kernel as relativistic generalization of a nonrelativistic linear potential

W (r) = �r

→ use 2nd derivative of Fourier transform of Yukawa potential

WL,✏(r) =
�

✏

�
1� e�✏r

�
More convenient:

lim
✏!0

WL,✏(r) = �rwith

Useful to write it as

WL,✏(r) = WA,✏(r)�WA,✏(0)

WA,✏(r) = ��

✏
e�✏rwhere

WS,✏(r) = �re�✏r = �
@2

@✏2
e�✏r

r
A possibility: Screening

Gross, Milana, PRD 43, 2401 (1991)
Savkli, Gross, PRC 63, 035208 (2001)

0 10 20 30 40 50
-2

-1

0

1

2

3

4

r @1êeD

W
@sêe
D

W (r)

WL,✏(r)

WS,✏(r)

WA,✏(r)
WA,✏(0)

� = 0.2 ✏ = 0.1
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Linear confinement potential in momentum space

VA,✏(q) =

Z
d3r eiq·rWA,✏(r) = � 8⇡�

(q2 + ✏2)2

VL,✏(q) = VA,✏(q)� (2⇡)3�(3)(q)

Z
d3q0

(2⇡)3
VA,✏(q

0)

p2

2mR
 (p)� 8⇡�P

Z
d3k

(2⇡)3
 (k)�  (p)

(k � p)4
= E (p) Cauchy principal 

value integrationVL(q) = lim
✏!0

VL,✏(q)

kernel becomes singular when ✏ ! 0

Now calculate the Fourier transform of

We can write the complete screened linear potential as
Z

d3q

(2⇡)3
VA,✏(q) = ��

✏

WL,✏(r) = WA,✏(r)�WA,✏(0) =
�

✏

�
1� e�✏r

�

Inserting this potential into the momentum-space Schrödinger equation yields

has a “built-in subtraction”p2

2mR
 (p)� 8⇡�

Z
d3k

(2⇡)3
 (k)�  (p)

[(k � p)2 + ✏2]2
= E (p)

Unscreened limit:

Relativistic generalization: q2 ! �q2 V rel
A (q) = �8⇡�

q4
4-vector q

The singularity in the CST equation is of the same type as in the nonrelativistic case
use nonrelativistic limit to test our numerical methods
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S-waves

P

Z 1

0

dk

k2 � p2
= 0

p2

2mR
 0(p)�

2�

⇡

Z 1

0

dk

k2 � p2


2k2

k2 � p2

⇣
 0(k)�  0(p)

⌘
� p 0

0(p)

�
= E 0(p)

hp 00|VA|k 00i = 2⇡(�8⇡�)
2

(p2 � k2)2

p2

2mR
 0(p)�

4�

⇡
P

Z 1

0
dk k2

 0(k)�  0(p)

(p2 � k2)2
= E 0(p)

S-wave linear potential

Momentum-space Schrödinger 
equation with singular kernel

Analyzing the behavior of the integrand around the singular point k=p one can apply 
a (second) subtraction, using

integrand now regular at k=p

This equation can be solved numerically, 
but the Cauchy principal value singularity 
makes it tedious!

Exact solutions are known in r-space (Airy functions) ideal test case!

But the singularity can be eliminated:

The singularity-free equation is much easier to solve numerically and yields stable results 
(the derivative term does not lead to complications)

Spence, Vary, PRD 35, 2191 (1987)
Gross, Milana, PRD 43, 2401 (1991)
Maung, Kahana, Norbury, PRD 47, 1182 (1993)
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Numerical convergence
Our method: expand           in a basis of SN B-splines 0(p)

Generalized eigenvalue problem for
SN×SN matrices

2.33812

4.08850

5.52702

6.79418

8.00234

9.62687

11.43508
12.09983

14.99345

19.12242

2.33811

4.08795

5.52057

6.78679

7.94477
9.02639
10.04867
11.02885
12.10528
13.13805

2.33811

4.08795

5.52056

6.78671

7.94415
9.02273
10.04051
11.00987
11.94007
12.83900

2.33811

4.08795

5.52056

6.78671

7.94414
9.02266
10.04020
11.00863
11.93634
12.82977

2.33811

4.08795

5.52056

6.78671

7.94413
9.02265
10.04018
11.00853
11.93604
12.82886

2.33811

4.08795

5.52056

6.78671

7.94413
9.02265
10.04017
11.00852
11.93602
12.82878

SN=12 SN=24 SN=36 SN=48 SN=64 Exact

0

5

10

15

20

En
er
gy

Convergence with number of splines H{=0L

(�
2
/2
m

R
)1

/
3

Exact bound-state energies calculated 
from the roots of the Airy function

En = �zn

✓
�2

2mR

◆1/3

Ai(zn) = 0

We find very good convergence of our 
numerical results to the exact energies

Obtained wave functions coincide with 
Fourier transformed exact r-space 
solutions (Airy funcions)
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Accuracy of energy levels 

0 10 20 30 40

-2

0

2

4

6

8

n Hprincipal quantum numberL

N
um
be
ro
fs
ig
ni
fic
an
td
ec
im
al
s

Linear potential with subtraction, l=0

12 16 20 24 36 48 number of splines

Accuracy of energy levels decreases with n increase number of splines if needed
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Arbitrary partial waves

The matrix element of VA in partial wave {lm} can be written as

Most singular term
as in S-wave

Additional logarithmic 
singularity for l ⩾1

hp lm|VA|k lmi = 2⇡(�8⇡�)

"
2Pl(y)

(p2 � k2)2
� P 0

l (y)

(2pk)2
ln

✓
p+ k

p� k

◆2

+
2w0

l�1(y)

(2pk)2

#

The partial wave projected Schrödinger equation with a linear potential has a simple form:

wl�1(y) =
lX

m=1

1

m
Pl�m(y)Pm�1(y)

where
y =

p2 + k2

2pk

p2

2mR
 lm(p) + P

Z 1

0

dk k2

(2⇡)3
[hp lm|VA|k lmi lm(k)� hp 00|VA|k 00i lm(p)] = E lm(p)


p2

2mR
+
�⇡l(l + 1)

4p

�
 l(p)�

2�

⇡

Z 1

0
dk

⇢
1

k2 � p2


2k2

k2 � p2

⇣
Pl(y) l(k)�  l(p)

⌘
� p 0

l(p)

�
+

w0
l�1(y)

2p2
 l(k)

� 1

4p2
ln

✓
p+ k

p� k

◆2 
P 0
l (y) l(k)�

l(l + 1)

2

p

k
 l(p)

�)
= E l(p)

Singularity-free partial-wave Schrödinger equation:

Integrable, but numerically much 
easier after subtraction

Can be subtracted 
in analogous way
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Higher partial waves

2.33811

4.08795

5.52056

6.78671

7.94413

9.02265

10.04018

11.00853

11.93604

12.82886

3.36126

4.88445

6.20763

7.40567

8.51524

9.55762

10.54653

11.49144

12.39926

13.27522

4.24819

5.62971

6.86889

8.00971

9.07701

10.08646

11.04874

11.97152

12.86054

13.72029

5.05093

6.33211

7.50463

8.59707

9.62718

10.60689

11.54465

12.44677

13.31809

14.16246

5.79442

6.99925

8.11722

9.16826

10.16558

11.11847

12.03379

12.91673

13.77142

14.60121

{=0 {=1 {=2 {=3 {=4

0

5

10

15

En
er
gy

Higher partial waves

(�
2
/2
m

R
)1

/
3

With singularity-free equation:
 
Numerical results for higher partial 
waves are also very accurate and 
stable

Calculations with SN=64

Of course, convergence becomes 
slower as ℓ𝓁 or n increase
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Screened linear potential in momentum space
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The screened linear potential might 
also be of interest by itself: 
simulate string breaking at large r

Another test: take the unscreened limit numerically

The problem is not trivial: for small 
ε the kernel is almost singular

For typical numerical problems see, e.g., 
Chen, PRD 86, 036013 (2012)

With our equations, the unscreened 
limit is reached smoothly 

The kernel is regular for finite ε
but
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Bottomonium

W (r) = �r � A

r

Simple application: fit the bottomonium spectrum with a Cornell-type (funnel) potential

but solved in momentum space!
No spin-dependence in model:
fit to spin-averaged experimental states

Three parameters: �, A, mb

9.44512

10.0045

10.3352

10.6014

10.8344

11.0462

9.44298

10.0233

10.3552

10.5794

10.876

11.019

9.91265

10.2524

10.5244

10.7615

10.9765

9.89076

10.2541

10.53

10.1511

10.4322

10.6756

10.8954

11.0983

10.1637

L=0 th L=0 exp L=1 th L=1 exp L=2 th L=2 exp

Parameters: s=0.166996, A=0.516156, mb=4.7931

9.5

10.0

10.5

11.0

11.5

M
as
s
@Ge

vD

Bottomonium fit HSN=24L
� = 0.166996 GeV2, A = 0.516156, mb = 4.7931 GeV

We obtain a good fit
→ numerical method works well 
for linear + Coulomb potential
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Summary
‣ Presented covariant quark-antiquark bound-state equations for mesons in the 

Covariant Spectator Theory

‣Momentum space formulation with Minkowski metric

‣ Singularities in kernel from linear confining interaction can be removed
(subtraction techniques)

‣ Numerical methods tested in the nonrelativistic limit

‣We obtain accurate and stable solutions

‣ Very good method for the nonrelativistic problem, but it should also work well in CST

For more details: see Elmar Biernat’s talk!


