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Extension of the method to
Three-body cluster states

°He : *‘He+n+n

Summary and outlook
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Introduction
S _ nucleus
ADb initio in nuclear physics
Assumes nucleons as the effective degrees of freedom .

Uses realistic interactions

The goal is to achieve a predictive theory for light nuclear systems to study:
- Exotic nuclei
- Reactions important in nuclear astrophysics

- Reactions important for energy production projects

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM

No-core shell model (NCSM)
Is an ab initio method capable of studying light bound nuclei from an

accurate Hamiltonian.
Is not able to deal with continuum states and therefore is not applicable to

2 .

reactions.

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM

No-core shell model (NCSM)

Is an ab initio method capable of studying light bound nuclei from an
accurate Hamiltonian.
Is not able to deal with continuum states and therefore is not applicable to

reactions.

Resonating group method (RGM)

Microscopic cluster approach.
Permits studying the scattering of clusters

Non-realistic Hamiltonian

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM

NCSM/RGM

Combines NCSM and RGM to obtain an
ab initio formalism which uses an accurate
nuclear Hamiltonian and is capable of
studying both structure and scattering
problems in light nuclear systems

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM

Binary clusters

(a)

A-nucleon system

S. Quaglioni and P. Navratil
- PRL 101, 092501 (2008)
- PRC 79, 044606 (2009)

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM

Binary clusters

A-nucleon system
\Ija
%
\Ijé_a‘ NCSM wave functions
1

S. Quaglioni and P. Navratil
- PRL 101, 092501 (2008)
- PRC 79, 044606 (2009)
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NCSM/RGM

Binary clusters

\Ija
Qg
\Ijé_a‘ NCSM wave functions
1

A-nucleon system

S. Quaglioni and P. Navratil
- PRL 101, 092501 (2008)
- PRC 79, 044606 (2009)
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NCSM/RGM-3B

—_
Y ™~ TA-azs,a03

(A — a23)

Extension to three-body cluster

C. Romero-Redondo

S. Quaglioni, P. Navratil

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B

—_
T A—az3,a23

(A — a23)

Extension to three-body cluster

Why?

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B

(az)

—_
T A—az3,a23 P
a2,a3

(A — a23) (613)

Extension to three-body cluster

Bound and resonant states:
2n Halo nuclei

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B
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(A — a23) (613)

Extension to three-body cluster

Bound and resonant states:
2n Halo nuclei
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NCSM/RGM-3B

(az)

—_
T A—az3,a23 P
a2,a3

(A — a23) (03)

Extension to three-body cluster

Bound and resonant states: 3-body continuum states:
2n Halo nuclei Transfer reactions

én
o B
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C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013



2 TRIUMF

NCSM/RGM-3B

(az)

—_
T A—az3,a23 P
a2,a3

(A — a23) (03)

Extension to three-body cluster

Bound and resonant states: 3-body continuum states:
2n Halo nuclei Transfer reactions
@n @n
o B -9+
‘ ‘He @n 3H 3H tHe @n
oLj @N

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B

(A= az) Basis

W) = Z/dm?/dyyzGiﬂT(w,y)Ayl@ﬂZ

174

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B

(A — az3) Basis

~—
W) =3 [ dwa® [ yPGL T ) Al BT

174

|(I)Z;TT> s (72@2,@3)}/% (7214—&23,CL23>5<T — TA—CLQB;G/QB)é(x - TOL2,CL3)

NCSM wave functions

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B

o Ty = Z/dwaﬁ[dnyGiﬂT(x,y)A,,hI)i;g

Schrédinger equation @ (H—FE) ¢/ Ty =0

> / dxdya®y® (Moo (v, y,2,y') = ENpw(z,y,2" 9 Gy T (2,y) =0

Hamiltonian Kernel Norm kernel

(@), 7| Ay HA @) (@7 1A%e],T)

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B

\IJJTr Z/dwaz /d;yyZG‘ﬁr (x,y)A ,,|<I>,{;5

Schrédinger equation @ (H—FE) ¢/ Ty =0

Z / dlEdy.szyZ [HV’V(xa Y, xla y/) o ENV’V<337 Y, xla y/)] 0

Hamiltonian Kernel Norm kernel Relative
movement

(@iTTT\AV/%AV@i:T> <(I)J T‘Az‘q) > wavefunction

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B

\If‘]ﬂ Z/dxa; fdyyzG‘Vr (x,y)A ,,|<I>i;5

Schrédinger equation @ (H—FE) ¢/ Ty =0

) / drdy®y? Mo (x,y.2' ') — ENyn (2, y,2' )] G T (2,y) =0

@ Orthogonalization

o' —x) oy — x
Y / dedya® H (g, 2 ) — By 2D W W) | oy
x'x y'y

v

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B

ax' —x) oy — i
( , ) <y, y) X2 (2, y) =0

Z/dxdyx2y2 [H,,/,,(:I;,y, ' y) — Eov'v

Hyperspherical coordinates: p = V7% +y?, o = arctan(z/y)

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B

o(z" —x) 6y —y)
r'x Yy

Z/dxdyx2y2 [H,,/,,(:I;,y, ' y) — Eov'v

Hyperspherical coordinates: p = V7% +y?, o = arctan(z/y)

Xv Z Ckl/ )

gbi‘wy (o) = Ny, sin®= (a) cos' (a)P]fj;l/Q’eyH/z(cos 2av)

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B

oz —z) 0(y" —y)
x'x y'y

Z/dxdyx2y2 [H,,/,,(:I;,y, ' y) — Eov'v

Hyperspherical coordinates: p = V7% +y?, o = arctan(z/y)

1/ Z Ckl/ )

After changing to hyperspherical coordinates and integrating in a,a'":

. Sl — of .
> /dpp5 {H,’ff’,f(p’,p)—E G 5p)5um5k'k Cii, " () =0
vk

J2
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NCSM/RGM-3B

oz —z) 0(y" —y)
x'x y'y

Z/dxdyx2y2 [H,,/,,(:I;,y, ' y) — Eov'v

Hyperspherical coordinates: p = V7% +y?, o = arctan(z/y)

1/ Z Ckl/ )

After changing to hyperspherical coordinates and integrating in a,a'":

. Sl — of .
> /dpp5 {H,’ff’,f(p’,p)—E G 5p)5um5k'k Cii, " () =0
vk

J2

Coupled-channel microscopic R-matrix method on a Lagrange mesh

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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R-matrix

Internal region: expansion on a basis (p < a)

Crv(p) = Z/Bkuifi(p)

Internal region External region

i
0 d p}

External region: known asymptotic behaviour (p > a)

* Bound state: Cru(p) = Ak /kpKit2(kp)
* Continuum state:  C'y,, (p) = Ay [Hk_ (kp)oy, Ok jr — S,,k,,,/k/H,j(/fp)]

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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R-matrix

Internal region: expansion on a basis (p < a)

Crv(p) = Z/Bkuifi(p)

Internal region External region

/)
0 d p}

External region: known asymptotic behaviour (p > a)

* Bound state: C = A,/ kpK K
b (p) v P k+2( p) Scattering Matrix

* Continuum state:  C'y,, (p) = Ay [Hk_ (kp)oy, Ok lj(’fm]

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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R-matrix

Matching conditions at p = a
Use of Bloch operator

h? 1 (8 Ly
Ly = 5 -
k ( ) 5/2 ap p

5 ) p®/2  Bloch Operator
m

) CJ” CJW
Z/dpp [ V' p p)—l_‘CkJI/ —F ( p )5,/ Vék’k] ky5/2 Z/dpp kl/5/2p)

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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R-matrix

Matching conditions at p = a
Use of Bloch operator

Ckr/ Z Bkmfz

* Bound state: Eigenvalue problem -> energy and S,

* Continuum state: Scattering matrix

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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Input

= Accurate soft NN interaction: SRG-evolved chiral N3LO potential with A=1.5 fm™"
» Fits NN data with high accuracy
» But: misses both chiral initial and SRG-induced NNN force

» Fortunately: two effects mostly cancel each other

= 4He ab initio wave function obtained within the NCSM

A2 A-2 A-2), (A-2 - o Q
)w{ )(1=2" AZ) E( )TP( )(1’2’ "rA—z) ! Il

N = 1\ i 8/ A= N

Large expansions in A-body harmonic oscillator (HO) basis

Preserves: 1) Pauli principle, and 2) translational invariance

Can include NNN interactions

4He binding energy close to experiment: 28.22 MeV (expt.: 28.3 MeV)

~ "
= Fully antisymmetric channel states: A4, = f(A 2)2

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013

A-2

122

i=1 k

A2 . 1- 13
A-LA
,k+ ‘F:AIBJA
1 i<j=1

.J‘U »




2 TRIUMF

= Preliminary NCSM/RGM results
* n+n+4HE(g.S.), Nmax= 12! hQ =14 MeV 12— T T T T L L B

_14-_ 6 V— Np=2

- . : SRG-NLONN | @@ N .

» SRG-NN chiral with A = 1.5 fm-" aof He seaniomn 13 gvel
o . O>—ON =8 4

-18 A—AN_ =10 -

I l l NmaX:12 ——v 1

= Comparison with NCSM: 20 .

ol i
« ~1 MeV difference in E, due to excitations 4l ‘\‘\‘\RH—o———O—”‘ _'
of “He core, at present only included in the 26[- % -

NCSM calculation _28:_

30+ _

» Contrary to NCSM, NCSM/RGM “He+n+n S T N E E B

. . . 12 13 14 15 16 1|7 I 18 I 19 I 20 I 21 I 22
w.f. has the appropriate asymptotic behavior hQ [MeV]

®He ground state, NCSM

E_ [MeV]

Nmax =12 -28.22 -29.75 -28.70

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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°*He ground state wave function

“\K=2,5=1,L=1,1=1,1 =1 J =0

.
____

30

Xu LY Z Ckl/ ( )

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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°*He ground state wave function
Probability distribution

(ty=t,=L=5,,=0 |

5 Tan [fll'l)

T (y) =Y Culp)dr (@)

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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°*He ground state wave function
Probability distribution

(fy=t,=L=5,,=0 (t=ty=L=S8p,=1

5 Tan [fll'l)

T (y) =Y Culp)dr (@)

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013



2 TRIUMF

°*He ground state wave function
Probability distribution

(fy=t,=L=5,,=0

5r,,(fm)

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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°*He ground state wave function
Probability distribution

Di-neutron

Cigar @

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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12‘] T I T I T I T I T I T I T

= Preliminary NCSM/RGM results
* n+n+iHe(g.s.), N, = 7,9,11; h@2 = 14 MeV

=

*  SRG-NN chiral with A = 1.5 fm-!

* Matching at p,= 30 fm (no propagation)

phaseshift (deg)
&

=]

= Convergence of 1- and 2- is reasonable

-

8

8

eigenphashift (deg)

phaseshift (deg)

8

2
Energy (MeV)

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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Preliminary results

Recent exp.: Phys. Lett. B 718 (2012) 441

E (MeV)
8— EXPERIMENTS

o SPIRAL
7L (°LiBe) (t.'He) “He(p,1)

6

= =

1N £
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=
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- o]
= gun
'I_Iil
2

wh

(]

A
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Y
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At -
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.t, / = = N
O n(‘j..__.r"’i [ | [ | | |jII Ol
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Energy (MeV)

e
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+
s 0

[16,17]

(19]

- Very narrow resonance in 2*, at 1.1 MeV (Experimental 0.824MeV)
- Second resonance in 2*, at 2.6 MeV '~ 800KeV (New exp. at Ganil 1.67 MeV, '=1.6MeV )

- Broad structures 1- at ~1.2MeV, =1.8MeV

and in 0" at ~1MeV, =2.6MeV

2

d5(E)
dE |E=Eg

I —

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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Summary and Outlook

Approach is very useful for studying different types of nuclear systems

Bound and resonant states in structure problems

Continuum states for reaction problems

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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Summary and Outlook

Approach is very useful for studying different types of nuclear systems

Bound and resonant states in structure problems

Continuum states for reaction problems

Results are very promising
Ground state of ®He

Continuum “He+n+n

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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Work to do

Study more deeply the stability of the continuum results

Introduce “He core excitations by coupling the
“He-n-n basis to ®He NCSM eigenstates

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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Work to do

Study more deeply the stability of the continuum results

Introduce “He core excitations by coupling the
“He-n-n basis to ®He NCSM eigenstates

Transfer reactions, i.e, *H(*H,2n)*He

Derive and calculate couplings between two
and three body clusters

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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NCSM/RGM-3B

I I _
S [antya?y? Bt ) - By DI )
- x'x y'y

Hyperspherical coordinates: p = V7% +y?, o = arctan(z/y)

— / El g/
[Hk (p',p) = /dada’ sin® o cos” asin? o' cos? a’¢ifey ()M, (2, y, 2", y") @, (o/)]

After changing to hyperspherical coordinates and integrating in a,a":

C’
vk

Coupled-channel microscopic R-matrix method on a Lagrange mesh

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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Norm Kernel

2(A- 2)}) ER £ ORI (@y [Pa s |, VR, (OR, , ()

(A-2)(A-3) : :
+ > E E R, (X)R,, (y )<'1)v;n;n; Py3aalaoa (I)v,,nznj>Rn,£, (R, , (}’)}
fighty ot

llll ) l >< + (A-2)(A-3)/2 x II }%

o
(A-2) (A— 2;-) (.4 2)
[ ﬂ {I a aa
L sn(w"i T‘U‘”i 8D 51:-

-2(A-2) x

(A 2]
SD

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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Norm Kernel

_ Matrix element <ﬁfﬁ— 1)
¢ over three-cluster

+(A2)A3)2x ||\

a‘a aa

(A-7| _+
a a
L sn(w"t

W) |t e 0yt ”),

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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Hamiltonian Kernel

' AZ A A2 A a2
Ar (2 E Vi +V,4_1A) 1—2 2 P+ 2 H,A_J:}‘A](l P, 1,-!) x‘h’_‘
=1 m=a-1 i1 k=A-1 i<

wm—m) ]
Vi SD

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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240r T T T T | T T T o 18 j 6 T //é: }
- < 16 He : 3
14 ’ e
o5 180 o 11 . — Ny
! 4/ 01
= — 1z CD-Bonn —
= _ -
é 120 % 10 17(=13 MeV ) L
2 E 01 - — -
< 8
—gq 60 R "1 -
6r2r1——-
p \
Energy (MeV) o
0 01

1000 8hQ 6K 9 ThQ

- Very narrow resonance in 2*, at 1.1 MeV (Experimental 0.824MeV)
- Second resonance in 2*, at 2.6 MeV '~ 800KeV (New exp. at Ganil 1.67 MeV, '=1.6MeV )

- Broad structures 1- at ~1.2MeV, '=1.6MeV
and in 0" at ~1MeV, =1.6MeV I' =

2

d5(E)
dE

E=Fpgr

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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R-matrix

Internal region: expansion on a basis (p < a)

Crv(p) = Z/Bkuifi(p)

Internal region External region

i
0 d p}

External region: known asymptotic behaviour (p > a)

* Bound state: Cru(p) = Ak /kpKit2(kp)
* Continuum state:  C'y,, (p) = Ay [Hk_ (kp)oy, Ok jr — S,,k,,,/k/H,j(/fp)]

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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R-matrix

Matching conditions at p = a
Use of Bloch operator

h? 1 (8 Ly
Ly = 5 -
k ( ) 5/2 ap p

5 ) p®/2  Bloch Operator
m

) CJ” CJW
Z/dpp [ V' p p)—l_‘CkJI/ —F ( p )5,/ Vék’k] ky5/2 Z/dpp kl/5/2p)

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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R-matrix

Matching conditions at p = a
Use of Bloch operator

h? 1 0  Lgy
Eku—%( )5/2(8[)_ P

) p®/2  Bloch Operator

dp—p') C’JTr CJW (p)
! k kv kv
E /dpp [/H p P) + Ek;l/ —E p5 5V/V5k/k 5/2 Z/ kv 5/2

Projection on Lagrange basis element f_(p)

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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R-matrix
Ckml,k’l/’i’ — <f’L ﬁllj:];(p/vp) T Ek” fl/>
C/ext( )
Bound States Lkl/(E) = ak C’ewt( )

CB=FEB

Eigenvalue problem

Few iterations to converge

Okl/ Z /BkU%f’L

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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R-matrix
- o k'k
Ckml,k’l/’i’ — <fz Hy’y(p 7p) + ['kl/ fz’>
Continuum states Li, =0
Akyﬁh

" Cruiovric = ESiiGurbrge)Bieric =

1"V k

om Hy (KQ)dy, 0y — Suk,y’k’H];—l_(Hja)]

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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R-matrix

fir)

Chuvi k' v'ir = <fi ﬁ’,f:],f(p’,p) + L,

Continuum states

2ma Z fi(a)(C — ET),, ].Cm prori Jir (@)

Zkl/,k’l/’ — Hky( )51/ V’5kk’ — KQ(H]@,/( a))/Rku,k’u’ (a)

S=(zZ""1'z

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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Norm Kernel Nyfu(ﬂl’, Y, 33/7 y')

C. Romero Redondo, S. Quaglioni, P. Navratil. February 22", 2013
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