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Ab initio Nuclear Structure & Reaction approaches 

Ab initio 
²   All nucleons are active 
²   Exact Pauli principle 
²   Realistic inter-nucleon interactions 

² Accurate description of NN (and 3N) data 

²   Controllable approximations 



Chiral Effective Field Theory 
•  First principles for Nuclear Physics: 
      QCD  

–  Non-perturbative at low energies 
–  Lattice QCD in the future 

•  For now a good place to start: 
•  Inter-nucleon forces from chiral 

effective field theory 
–  Based on the symmetries of QCD 

•  Chiral symmetry of QCD (mu≈md≈0), 
spontaneously broken with pion as the 
Goldstone boson 

•  Degrees of freedom: nucleons + pions 
–  Systematic low-momentum expansion to 

a given order (Q/Λχ) 

–  Hierarchy 
–  Consistency 
–  Low energy constants (LEC) 

•  Fitted to data 
•  Can be calculated by lattice QCD 

Λχ~1 GeV :  
Chiral symmetry breaking scale 



The NN interaction from chiral EFT 

•  24 LECs fitted to the np scattering 
data and the deuteron properties 

–  Including ci LECs (i=1-4) from 
pion-nucleon Lagrangian  



Determination of NNN LECs cD and cE  
from the triton binding energy and the half life 

•  Chiral EFT: cD also in the two-nucleon 
contact vertex with an external probe 

•  Calculate  
–  Leading order GT 
–  N2LO: one-pion exchange plus contact 

•  A=3 binding energy constraint:  
     cD=-0.2±0.1 cE =-0.205±0.015 

Three-Nucleon Low-Energy Constants from the Consistency of Interactions and Currents
in Chiral Effective Field Theory

Doron Gazit
Institute for Nuclear Theory, University of Washington, Box 351550, Seattle, Washington 98195, USA

Sofia Quaglioni and Petr Navrátil
Lawrence Livermore National Laboratory, P.O. Box 808, L-414, Livermore, California 94551, USA

(Received 23 December 2008; published 1 September 2009)

The chiral low-energy constants cD and cE are constrained by means of accurate ab initio calculations

of the A ¼ 3 binding energies and, for the first time, of the triton ! decay. We demonstrate that these low-

energy observables allow a robust determination of the two undetermined constants, a result of the

surprising fact that the determination of cD depends weakly on the short-range correlations in the wave

functions. These two- plus three-nucleon interactions, originating in chiral effective field theory and

constrained by properties of the A ¼ 2 system and the present determination of cD and cE, are successful
in predicting properties of the A ¼ 3 and 4 systems.

DOI: 10.1103/PhysRevLett.103.102502 PACS numbers: 21.30."x, 21.45.Ff, 23.40."s, 27.10.+h

The fundamental connection between nuclear forces and
the underlying theory of quantum chromodynamics (QCD)
remains one of the greatest contemporary theoretical chal-
lenges, due to the nonperturbative character of QCD in the
low-energy regime relevant to nuclear phenomena.
However, the past two decades of theoretical developments
provide us with a bridge to overcome this obstacle, in the
form of chiral perturbation theory ("PT) [1]. The "PT
Lagrangian, constructed by integrating out degrees of free-
dom of the order of!" # 1 GeV and higher (nucleons and

pions are thus the only explicit degrees of freedom), is an
effective Lagrangian of QCD at low energies. As such, it
retains all conjectured symmetry principles, particularly
the approximate chiral symmetry, of the underlying theory.
Furthermore, it can be organized in terms of a perturbative
expansion in positive powers of Q=!" where Q is the

generic momentum in the nuclear process or the pion
mass [1]. Though the subject of an ongoing debate about
its validity [2,3], the naive extension of this expansion to
nonperturbative phenomena provides a practical interface
with existing many-body techniques, and clearly holds a
significant value for the study of the properties of QCD at
low energy and its chiral symmetry.

The chiral symmetry dictates the operator structure of
each term of the effective Lagrangian, whereas the cou-
pling constants (not fixed by the symmetry) carry all the
information on the integrated-out degrees of freedom. A
theoretical evaluation of these coefficients, or low-energy
constants (LECs), is equivalent to solving QCD at low
energy. Recent lattice QCD calculations have allowed a
theoretical estimate of LECs of single- and two-nucleon
diagrams [4], while LECs of diagrams involving more than
two nucleons are out of the reach of current computational
resources. Alternatively, the undetermined constants can
be constrained by low-energy experiments.

The strength of "PT is that the chiral expansion is used
to derive both nuclear potentials and currents from the
same Lagrangian. Therefore, the electroweak currents in
nuclei (which determine reaction rates in processes involv-
ing external probes) and the strong interaction dynamics
(#N scattering, the NN interaction, the NNN interaction,
etc.) are all based on the same theoretical grounds and
rooted in the low-energy limits of QCD. In particular, "PT
predicts, along with theNN interaction at the leading order
(LO), a three-nucleon (NNN) interaction at the next-to-
next-to-leading order or N2LO [5,6], and even a four-
nucleon force at the fourth order (N3LO) [7]. At the
same time, the LO nuclear current consists of (the stan-
dard) single-nucleon terms, while two-body currents, also
known as meson-exchange currents (MEC), make their
first appearance at N2LO [8]. Up to N3LO both the NNN
potential and the current are fully constrained by the
parameters defining the NN interaction, with the exception
of two ‘‘new’’ LECs, cD and cE. The latter, cE, appears
only in the potential as the strength of the NNN contact
term [see Fig. 1(a)]. On the other hand, cD manifests itself
both in the contact term part of the NN-#-N three-nucleon
interaction of Fig. 1(a) and in the two-nucleon contact
vertex with an external probe of the exchange currents
[see Fig. 1(b)].

cD cE cD
(a) (b)

FIG. 1. Contact and one-pion exchange plus contact
interaction (a), and contact MEC (b) terms of "PT.

PRL 103, 102502 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

4 SEPTEMBER 2009

0031-9007=09=103(10)=102502(4) 102502-1 ! 2009 The American Physical Society



Proton-3He elastic scattering  
with χEFT NN+NNN 

•  Hypherspherical-harmonics variational calculations 
–  M. Viviani, L. Girlanda, A. Kievski, L. E. Marcucci, and S. Rosati, arXiv:1004.1306 

•  Ay puzzle (almost) resolved with the chiral N3LO NN  
     plus local chiral N2LO NNN  

–  used with the NCSM and other methods 

Chiral NN+NNN Hamiltonian provides the best agreement with the cross 
section and analyzing power data and with the new TUNL PSA analysis 

A=3 binding energy constraint,  
cD=+1, cE=-0.029, Λ=500 MeV 

Plenary talk  
by L. E. Marcucci,  
Wednesday 9:00 



Ab initio calculations of n-3H scattering RAPID COMMUNICATIONS
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FIG. 2. (Color online) Differential cross section for elastic
n-3H scattering at 14.1, 18.0, and 22.1 MeV neutron energy. Results
obtained with INOY04 (solid curves) and CD Bonn (dashed-dotted
curves) potentials are compared with the experimental data from
Refs. [22,33,34].

Fig. 1 and Table I one can conclude that with a proper ε choice
as few as four different ε values are sufficient to obtain the
physical ε → +0 results with good accuracy.

For curiosity, inJ = 0 states we performed the calculations
keeping the same grids but with standard integration weights.
We found that they fail completely at ε values from Table I,
with the errors of the ε → +0 extrapolation being up to 10%
for phase shifts and up to 25% for inelasticity parameters.
However, at large ε > 4 MeV the two integration methods
agree well but the ε → +0 extrapolation has at least one order
of magnitude larger inaccuracies than those in Table I.

After establishing the reliability of our calculations we
proceed to the comparison with the experimental data. In
addition to the INOY04 potential we present results derived
from the CD Bonn potential [32] that underbinds the 3H
nucleus by 0.48 MeV. In Fig. 2 we show the differential cross
section for elastic neutron-3H scattering at 14.1, 18.0, and
22.1 MeV neutron energy. Except for the minimum around
115◦, the predictions are insensitive to the choice of the
potential. At En = 14.1 MeV the new data set by Frenje
et al. [22] is described very well. Other existing data at this
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FIG. 3. (Color online) Neutron analyzing power for elastic n-3H
scattering. INOY04 and CD Bonn predictions at En = 22.1 MeV are
compared with the data from Ref. [34]. INOY04 results at 14.1 and
18.0 MeV are also shown.

energy are consistent with Ref. [22] but have larger error bars;
we show only the data by Debertin et al. [33]. At 18.0 MeV
the data sets by Debertin et al. [33] and Seagrave et al. [34]
are inconsistent with each other around the minimum while
the theoretical predictions lie in the middle. The results at
En = 22.1 MeV are compared with the data taken at 21 and
23 MeV by Seagrave et al. [34]. The predictions lie between the
two data sets except for the minimum region. However, given
the agreement between Ref. [22,33] data and disagreement
between the Ref. [33,34] data, one may question the reliability
of the data by Seagrave et al. in the minimum region. Thus,
new measurements are needed to resolve this discrepancy.

In Fig. 3 we present the neutron analyzing power for
elastic n-3H scattering at En = 22.1 MeV. To study the energy
dependence we also show INOY04 predictions at En = 14.1
and 18.0 MeV. We observe that the sensitivity to the nuclear
force model and energy is considerably weaker compared
to the regime below the three-cluster threshold [9,10]. Most
remarkably, in contrast to low energies where the famous
p-3He Ay-puzzle exists [1,10,35], the peak of Ay around
120◦ is described very well but there is a discrepancy in the
minimum region. This is somehow similar to the three-nucleon
system where the nucleon-deuteron Ay puzzle existing at low
energies disappears as the energy increases [36].

In this Rapid Communication we do not calculate explicitly
the breakup amplitudes. However, the total n-3H cross section

TABLE II. n-3H elastic σe, breakup σb, and total σt cross
sections (in mb) at selected neutron energies (in MeV).

INOY04 CD Bonn Experiment

En σe σb σt σe σb σt σt Ref.

14.1 928 19 947 913 28 941 978 ± 70 [37]
18.0 697 41 738 689 48 737 750 ± 40 [37]
22.1 536 61 597 524 70 594 620 ± 24 [38]
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Neutron-3H scattering above the four-nucleon breakup threshold

A. Deltuva and A. C. Fonseca
Centro de Fı́sica Nuclear da Universidade de Lisboa, P-1649-003 Lisboa, Portugal

(Received 20 June 2012; published 27 July 2012)

Background: Theoretical calculations of the four-body scattering above the four-body breakup threshold are
technically very difficult owing to complicated singularities in the momentum space or boundary conditions in
the coordinate space.
Purpose: We aim at calculating the neutron-3H scattering observables above the four-nucleon breakup threshold.
Methods: We employ Alt, Grassberger, and Sandhas (AGS) integral equations for the four-nucleon transition
operators and solve them in the momentum-space framework using the complex-energy method. We significantly
improve its accuracy and practical applicability by introducing the numerical integration method with the special
weights.
Results: Using realistic nuclear interaction models we obtain fully converged results for the neutron-3H scattering.
Elastic differential cross section and neutron analyzing power as well as the total cross section are calculated at
14.1, 18.0, and 22.1 MeV neutron energy.
Conclusions: Realistic four-nucleon scattering calculations above the four-nucleon breakup threshold are
feasible. There is quite good agreement between the theoretical predictions and experimental data for the
neutron-3H scattering in the considered energy regime.

DOI: 10.1103/PhysRevC.86.011001 PACS number(s): 21.45.−v, 21.30.−x, 24.70.+s, 25.10.+s

The four-nucleon reactions is an ideal but also highly
challenging field to test few-nucleon interaction models.
The problem of elastic nucleon-trinucleon scattering below
the inelastic threshold has already been solved with high
accuracy using several ab initio methods with realistic nu-
clear potentials. These methods include the hyperspherical
harmonics (HH) expansion [1–3], the Faddeev-Yakubovsky
(FY) equations [4] for the wave-function components in the
coordinate space [5,6], and the Alt, Grassberger, and Sandhas
(AGS) equations [7,8] for the transition operators in the
momentum space [9–11]. A recent benchmark [12] reported
a good agreement between the HH, FY, and AGS techniques
for the neutron-3H (n-3H) and proton-3He (p-3He) scattering.
Furthermore, deuteron-deuteron (d-d) collisions, including the
transfer reactions to p-3H and n-3He final states, have been
calculated using the resonating-group method (RGM) [13] and
the AGS framework [14,15]. However, also these calculations
were limited to energies below the three-cluster breakup
threshold. At higher energies, especially above the four-body
breakup threshold, the asymptotic boundary conditions in
the coordinate space become nontrivial owing to open two-,
three-, and four-cluster channels. In the momentum-space
framework one is faced with a very complicated structure of
singularities in the kernel of integral equations. Formally, these
difficulties can be avoided by rotation to complex coordinates
[16] or continuation to complex energy [17,18] that lead to
bound-state-like boundary conditions and nonsingular kernels.
However, technical complications may arise in practical
calculations. Indeed, the applications to the four-nucleon
scattering so far have been very limited [19,20] and none
of them uses realistic interactions. The no-core shell model
RGM [21], although using realistic potentials, includes in
the model space only the ground state of the three-nucleon
system, which is insufficient. In Ref. [22] this shortcoming
was partially corrected by adjusting the predictions to the
experimental data.

The aim of the present Rapid Communication is to
overcome the above limitations by performing realistic well-
converged four-nucleon scattering calculations above the
four-body breakup threshold. We use the complex energy
method [17] but introduce important technical improvements.
Although in the AGS framework employed by us the Coulomb
force can be included via the screening and renormalization
method [23,24], the present numerical results are restricted to
the Coulomb-free n-3H case.

We treat the nucleons as identical particles in the isospin
formalism and therefore use the AGS equations for the
symmetrized four-particle transition operators Uβα as derived
in Ref. [9]; that is,

U11 = −(G0 t G0)−1P34 − P34U1G0 t G0 U11

+U2G0 t G0 U21, (1a)

U21 = (G0 t G0)−1(1 − P34) + (1 − P34)U1G0 t G0 U11,

(1b)

U12 = (G0 t G0)−1 − P34U1G0 t G0 U12 + U2G0 t G0 U22,

(1c)

U22 = (1 − P34)U1G0 t G0 U12. (1d)

Here, α = 1 corresponds to the 3 + 1 partition (12,3)4,
whereas α = 2 corresponds to the 2 + 2 partition (12)(34);
there are no other distinct two-cluster partitions in the system
of four identical particles.

The equation

G0 = (Z − H0)−1 (2)

represents the free resolvent with the complex energy param-
eter Z = E + iε and the free Hamiltonian H0,

t = v + vG0t (3)

011001-10556-2813/2012/86(1)/011001(5) ©2012 American Physical Society

AGS equations 

Plenary talk  
by A. Deltuva,  

Wednesday 9:35 



Quantum Monte Carlo 

9 

QUANTUM MONTE CARLO

Variational Monte Carlo (VMC): construct ΨV that

• Are fully antisymmetric and translationally invariant
• Have cluster structure and correct asymptotic form
• Contain non-commuting 2- & 3-body operator correlations from vij & Vijk

• Are orthogonal for multiple Jπ states
• Minimize EV = 〈ΨV |H|ΨV 〉 ≥ E integrating by Metropolis Monte Carlo

These are ∼ 2A
`

A
Z

´

component (270,336 for 12C) spin-isospin vectors in 3A dimensions

Green’s function Monte Carlo (GFMC): project out the exact eigenfunction

• Ψ(τ) = exp[−(H − E0)τ ]ΨV =
P

n exp[−(En − E0)τ ]anΨn ⇒ Ψ0 at large τ
• Propagation done stochastically in small time slices∆τ
• Exact 〈H〉 for local potentials; mixed estimates for other 〈O〉
• Constrained-path propagation controls fermion sign problem for A ≥ 8
• Multiple excited states for same Jπ stay orthogonal

Many tests demonstrate 1–2% accuracy for realistic 〈H〉

Wiringa, Pieper, Carlson, & Pandharipande, PRC 62, 014001 (2000)
Pieper, Varga, & Wiringa, PRC 66, 044310 (2002)
Pieper, Wiringa, & Carlson, PRC 70, 054325 (2004)
Pieper, NPA 751, 516c (2005)



Quantum Monte Carlo:  
Eigenenergies of light nuclei 

10 
-100

-90

-80

-70

-60

-50

-40

-30

-20

En
er

gy
 (M

eV
)

AV18
AV18
+IL7 Expt.

0+

4He
0+
2+

6He 1+
3+
2+
1+

6Li
3/2−
1/2−
7/2−
5/2−
5/2−
7/2−

7Li

0+
2+

8He 2+
2+

2+
1+
3+
1+

4+

8Li
0+
2+

4+
2+
1+
3+
4+
0+

8Be

3/2−
1/2−
5/2−

9Li

3/2−
1/2+
5/2−
1/2−
5/2+
3/2+

7/2−
3/2−

7/2−
5/2+
7/2+

9Be

1+

0+
2+
2+
0+
3,2+

10Be 3+
1+

2+

4+

1+

3+
2+

3+

10B

3+

1+

2+

4+

1+

3+
2+

0+

12C

Argonne v18
with Illinois-7

GFMC Calculations

• IL7: 4 parameters fit to 23 states
• 600 keV rms error, 51 states
• ~60 isobaric analogs also computed



Quantum Monte Carlo Calculations of 
Neutron-4He Scattering  

•  GFMC method generalized for scattering 
–  Similar to GFMC for bound states 

•  Essential difference: boundary conditions 

•  Realistic NN plus NNN interactions 
–  Importance of the three-body force for P-waves 

Method 
•  Pick a log derivative χ at the boundary (R >7 fm) 
•  Starting w.f.: VMC with scattering boundary χ	


•  Special method for propagation to preserve χ	


•  Finds E(R, χ) 
•  Repeat for many χ until δ(E) is mapped out 

K. Nollett et al., 
PRL99, 022502 (2007)  



Nuclear Lattice Effective Field Theory Calculations 
E. Epelbaum, H. Krebs, T. Lahde, D. Lee,U.-G. Meissner 
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Nuclear Lattice Effective Field Theory Calculations 
E. Epelbaum, H. Krebs, T. Lahde, D. Lee,U.-G. Meissner 
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The Hoyle state
E.E., Krebs, Lee, Meißner, PRL 106 (11) 192501
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Plenary talk  
by Evgeny Epelbaum,  
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Coupled-Cluster Method Coupled Cluster Approach

Sven Binder – TU Darmstadt – 02/2012

■ exponential Ansatz for wave operator

|Ψ〉 = Ω̂|0〉 = eT̂1+T̂2+T̂3+···+T̂A |0〉

■ T̂n : npnh excitation ("cluster") operators

T̂n =
1

(n!)2

∑

jk...
bc...

tbc...
jk...

{̂†

̂†b̂

†
c
. . . ̂k̂j̂}

■ similarity transformed Schrödinger Eq.

Ĥ|0〉 = ΔE|0〉 , Ĥ ≡ e−T̂ ĤNe
T̂

■ Ĥ : non-Hermitian effective Hamiltonian

5

Coupled Cluster - Equations

Sven Binder – TU Darmstadt – 02/2012

■ CCSD : truncate T̂ at 2p2h level, T̂ = T̂1 + T̂2

■ projection of Ĥ|0〉 = ΔE|0〉 onto
!
|0〉, |



〉 ≡ ̂†


̂|0〉, |

b
j
〉 ≡ ̂†


̂†b̂j̂|0〉
"

leads to CCSD equations

• ΔE = 〈0|Ĥ|0〉 = 〈0|ĤN(T̂2 + T̂1 +
1
2 T̂

2
1
)|0〉C
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State-of-the-art: Λ-CCSD(T) with 3N interaction 



 Calculations with chiral 3N: SRG renormalization needed 

•  Chiral N3LO NN plus N2LO NNN 
potential 

–  Bare interaction (black line) 
•  Strong short-range 

correlations 
§  Large basis needed 

–  SRG evolved effective 
interaction (red line) 

•  Unitary transformation 

•  Two- plus three-body 
components, four-body 
omitted 

•  Softens the interaction 
§  Smaller basis sufficient 
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CCSD calculations  
with SRG evolved interactions 

•  Significant 3N induced interaction 

•  4N induced interaction when chiral 3N(500) included 

•  No 4N induced interaction when chiral 3N(400) included  (dotted lines) 

a very good agreement of the converged ground-state
energies, with the IT-NCSM giving 1 to 2 MeV more
binding. This difference is consistent with the contribu-
tions expected from triples corrections and the missing
3N matrix elements with E3max > 14. The latter point
has been confirmed by comparing to lower E3max cuts.
Altogether, the CCSD calculations for 16O with soft
SRG-evolved NN þ 3N Hamiltonians in NO2B approxi-
mation provide a ground-state energy within 1% to 2%
of the IT-NCSM results with the exact 3N interaction.
Using CCSD with the NO2B approximation we can now
study the systematics of ground-state energies with
SRG-evolved chiral NN þ 3N Hamiltonians beyond
16O. Following the analysis of Ref. [18] we discuss the
! dependence observed with the NN-only, the NN þ
3N-induced, and the NN þ 3N-full Hamiltonians for
16O and 24O, shown in Fig. 4, and for 40Ca and 48Ca,
shown in Fig. 5. For all nuclei we observe the same pattern:
The NN-only Hamiltonian exhibits strong ! dependence
of the converged ground-state energies hinting at induced
3N interactions. Their inclusion at the NN þ 3N-induced
level eliminates the ! dependence, thus providing a
strong indication that induced 4N contributions originat-
ing from the initial NN are irrelevant for ground-state
energies. The converged energies, therefore, correspond
to the solutions for the initial chiral NN interaction.
We obtain "120:2ðþ0:8Þ MeV for 16O ground-state
energy, "152:1ðþ0:5Þ MeV for 24O, "343ðþ6Þ MeV for

40Ca, and "392ðþ7Þ MeV for 48Ca using the NN þ
3N-induced Hamiltonian at ! ¼ 0:04 fm4 for emax ¼ 14.
The numbers in parenthesis give the changewhen going to
! ¼ 0:08 fm4 as a measure for the residual! dependence.
These results are in very good agreement with the CC
results reported in Refs [23,24] for the bare chiral NN
interaction.
When including the initial 3N interaction, i.e., when

using the NN þ 3N-full Hamiltonian, the ! dependence
reemerges, indicating that 4N terms induced by the initial
3N interaction become sizable. These CCSD results
confirm the findings of Ref. [18] and extend the system-
atics to heavier nuclei.
In addition to the standard chiral 3N interaction [17]

with cutoff momentum of 500 MeV, we also employ a
chiral 3N interaction with a modified cutoff of 400 MeV
and cE ¼ 0:098 refitted to reproduce the 4He binding
energy. We keep the value cD ¼ "0:2 as in the standard
3N interaction. Based on the findings of Ref. [17] a
selective change of the 3N cutoff or of cE will not affect
the triton lifetime. Effectively the lower cutoff reduces the
strength of the two-pion terms of the 3N interaction and
limits them to lower momenta. As a result the ! depen-
dence and thus the induced 4N contributions are reduced
significantly. This allows for a quantitative comparison
of the NN þ 3N-full predictions with experimental
binding energies. We obtain ground-state energies of
"126:4ð"1:9Þ MeV for 16O, "164:8ð"2:8Þ MeV for
24O, "357ð"6Þ MeV for 40Ca, and "403ð"8Þ MeV for
48Ca using ! ¼ 0:04 fm4 with the change when going to
! ¼ 0:08 fm4 given in parenthesis. The agreement with
experiment is remarkable. For 16O and 24O the predictions
based on the chiral NN þ 3N Hamiltonian reproduce the
experimental energies within the theoretical uncertainties.
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FIG. 4 (color online). CCSD ground-state energies for 16O and
24O as a function of emax for the three types of Hamiltonians (see
column headings) using the NO2B approximation for a range of
flow parameters: ! ¼ 0:04 fm4 (d), 0:05 fm4 (r), 0:0625 fm4

(m), and 0:08 fm4 (j). The filled symbols for the NN þ 3N-full
Hamiltonian are for the standard chiral 3N interaction with
cutoff 500 MeV, the open symbols for a modified 3N interaction
with cutoff 400 MeV (see text).
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FIG. 5 (color online). Same as Fig. 4 for 40Ca and 48Ca.
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48Ca: Coupled-Cluster with 3NNO2B

Sven Binder – TU Darmstadt – 02/2012
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Medium-Mass Nuclei with Normal-Ordered ChiralNNþ3N Interactions

Robert Roth,1,* Sven Binder,1 Klaus Vobig,1 Angelo Calci,1 Joachim Langhammer,1 and Petr Navrátil2

1Institut für Kernphysik, Technische Universität Darmstadt, 64289 Darmstadt, Germany
2TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia, V6T 2A3, Canada

(Received 1 December 2011; published 31 July 2012)

We study the use of truncated normal-ordered three-nucleon interactions in nuclear structure

calculations starting from chiral two- plus three-nucleon Hamiltonians evolved consistently with the

similarity renormalization group. We present three key developments: (i) a rigorous benchmark of the

normal-ordering approximation in the importance-truncated no-core shell model for 4He, 16O, and 40Ca;
(ii) a direct comparison of the importance-truncated no-core shell model results with coupled-cluster

calculations at the singles and doubles level for 16O; and (iii) first applications of similarity renormal-

ization group-evolved chiral NN þ 3N Hamiltonians in coupled-cluster calculations for medium-mass

nuclei 16;24O and 40;48Ca. We show that the normal-ordered two-body approximation works very well

beyond the lightest isotopes and opens a path for studies of medium-mass and heavy nuclei with chiral

two- plus three-nucleon interactions. At the same time we highlight the predictive power of chiral

Hamiltonians.

DOI: 10.1103/PhysRevLett.109.052501 PACS numbers: 21.60.De, 21.30."x, 05.10.Cc, 21.45.Ff

Two decades of experiencewith ab initio nuclear structure
calculations, including the pioneering work with the Green’s
Function Monte Carlo approach [1], have shown that three-
nucleon (3N) interactions play an important role for under-
standing the structure of nuclei systematically from first
principles. Recent advances on nuclear interactions derived
within chiral effective field theory (EFT) put additional
emphasis on the consistent inclusion of realistic 3N inter-
actions in nuclear structure calculations [2–6]. However,
for most large-scale many-body approaches, such as the
no-core shell model (NCSM) [7] or the coupled-cluster
(CC) method [8], the full inclusion of 3N interactions
increases the computational cost by orders of magnitude
and often renders calculations impossible that are routinely
performed with two-nucleon (NN) Hamiltonians. In order to
resolve this dilemma—the need for 3N interactions versus
the tremendous computational cost—one might resort to
approximate schemes for including the 3N interaction, par-
ticularly when aiming at a controlled approximation rather
than an exact solution of the many-body problem. Density-
dependent NN interactions are being used, e.g., in nuclear
matter calculations to simulate the effects of 3N interactions
in a computationally simple approximation (for recent appli-
cations see Refs. [9–11]). In the context of the nuclear shell
model, effects of 3N forces have been included through
an effective monopole interaction constructed via normal
ordering with respect to the core [12]. In a general context,
normal ordering with a nucleus-specific reference state can
be used to construct a systematic and improvable lower-rank
approximation of the 3N interaction for use in a range of
different many-body approaches.

In this Letter we present rigorous benchmarks and sys-
tematic applications of the normal-ordering approximation
for chiral 3N interactions. We use the importance-truncated

no-core shell model (IT-NCSM) [13,14] for the solution of
the many-body problem for 4He, 16O, and 40Ca and compare
ground-state energies and expectation values obtained with
the full and the truncated normal-ordered 3N interaction.
We then apply the normal-ordered 3N interaction in CC
calculations for the ground states of medium-mass nuclei up
to 48Ca and discuss the implications for nuclear structure
predictions with chiral NN þ 3N Hamiltonians.
Normal-ordering approximation.—Transforming the

many-body Hamiltonian into a normal-ordered form with
respect to a nontrivial vacuum state is a standard technique
in quantum many-body physics. Using creation and anni-
hilation operators ay! and a! for a single-particle basis j!i
defined with respect to a trivial zero-body vacuum state,
the operator of a 3N interaction formally reads

V3N ¼ 1

36

X
!1!2!3
"1"2"3

V!1!2!3
"1"2"3A

!1!2!3
"1"2"3 ; (1)

where V!1!2!3
"1"2"3 ¼ h!1!2!3jV3Nj"1"2"3i are antisym-

metrized matrix elements, and the operator A!1!2...
"1"2... ¼

ay!1a
y
!2 $ $ $ a"2

a"1
is a shorthand for a normal-ordered

product of creation and annihilation operators with respect
to the trivial vacuum (vacuum normal-ordering).
Instead of the trivial vacuum, we can choose a reference

state j!refi being a Slater-determinant of A single-particle
states and reinterpret the creation and annihilation opera-
tors as particle or hole creation and annihilation operators
with respect to this new vacuum. We have to rearrange the
creation and annihilation operators in the particle-hole
picture to establish normal-ordering with respect to j!refi
(reference normal-ordering). Using Wick’s theorem and
~A!1!2...
"1"2... as a shorthand for the reference normal-ordered

product, we obtain for the 3N interaction

PRL 109, 052501 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

3 AUGUST 2012

0031-9007=12=109(5)=052501(5) 052501-1 ! 2012 American Physical Society

Plenary talk  
by Robert Roth,  

Friday 9:00 



Photo-disintegration reactions 

Coupled-Cluster Theory: Bacca et al.,  

arXiv:1303.7446, to appear in PRL 


Photo-disintegration reactions can break the nucleus into many different clusters: 
two-body clusters, three-body clusters, ...,  A-nucleons           terribly complicated many-body continuum state 
 

Ab initio approach:  Lorentz Integral Transform  Method            reduces the continuum problem to the solution 
                                                                                                    of a bound-state equation which can be solved 
                                                                                                     with any good bound-state technique 

NN(N3LO) 
 

Hyperspherical Harmonics: Gazit, et al. PRL 96 112301 (2006)  

NCSM: Quaglioni and Navratil  PLB 652  (2007) 
Talk by G. Orlandiny,  
B3, Tuesday 14:30 



Elastic scattering of  a nucleon on a target 
nucleus can be computed from the one-

nucleon overlap function. Beyond the range of the potential  
they are given by: 

Elastic proton/neutron scattering on 40Ca

G. Hagen and N. Michel Phys. Rev. C 86, 021602(R)  (2012).  




Using coupled-cluster theory to compute 
overlap functions we obtained cross sections 
at low-energy for elastic proton  scattering 
on 40Ca in fair agreement with experiment.  



In-medium SRG approach: 
Application to Oxygen isotopes 

H. Hergert - The Ohio State University - INT Workshop “Advances in Many-Body Theory: From Nuclei to Molecules”, 04/03/13
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H. Hergert - The Ohio State University - INT Workshop “Advances in Many-Body Theory: From Nuclei to Molecules”, 04/03/13

Similarity Renormalization Group

• evolved Hamiltonian

• flow equation:

• choose        to achieve desired behavior, e.g. decoupling of 
momentum or energy scales

• consistently evolve observables of interest

Basic Concept
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Choice of Generator

• Wegner

• White (J. Chem. Phys. 117, 7472)

• off-diagonal matrix elements are suppressed like            
(Wegner) or         (White)

• g.s. energies (           ) for both generators agree within a few 
keV 
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truncation of the many-body expansion, while the effect of
theNO2Bapproximation is found to be independent of!SRG.

For !3N ¼ 350 MeV=c we do not expect significant
induced 4N interactions [27]. As !SRG is reduced, we
capture additional repulsive 3N strength in matrix elements
with e1 þ e2 þ e3 # E3max. We also speed up the conver-
gence of the many-body expansion and reduce the error due
to the MR-IM-SRG(2) truncation, but for the resolution
scales considered here, this effect is already saturated. In
total, we find a slight artificial increase of the ground-state
energies as we lower !SRG [13].

For our standard choice !3N ¼ 400 MeV=c, effects
from omitted 4N interactions, the E3max cut, and the
many-body truncation cancel, and the !SRG dependence
of the energies in Fig. 2 is extremely weak [13]. The
omission of 4N interactions becomes the dominant source
of uncertainty as we increase!3N to 450 MeV=c, resulting
in an enhanced !SRG dependence of the ground-state ener-
gies of the heavier oxygen isotopes. This is consistent with
the even stronger !SRG dependence for!3N ¼ 500 MeV=c
observed in Refs. [23,26,27].

To assess the quality of our MR-IM-SRG(2) ground-
state energies, we compare them to results from the
IT-NCSM, which yields the exact NCSM results within
quantified uncertainties from the importance truncation
[26,32]. In the IT-NCSM calculations, we use the full
3N interaction without the NO2B approximation, and the
E3max cut is naturally compatible with the IT-NCSM
model-space truncation [13]. In Fig. 3 we show the
convergence of the oxygen ground-state energies for the
NN þ 3N-induced and NN þ 3N-full Hamiltonians as a
function of Nmax, along with exponential fits which ex-
trapolate Nmax ! 1 [26,32,33]. With the exception of 26O,
all isotopes converge well, and the uncertainties of the
threshold and model spaces truncations of the IT-NCSM
results are typically about 1 MeV. For 26O, the rate of
convergence is significantly worse, which is expected due
to the resonance nature of this ground state.

The neutron-rich oxygen isotopes are the heaviest nuclei
studied so far in the IT-NCSMwith full 3N interactions. For
26O, the computation of the complete Nmax sequence shown
in Fig. 3 requires about 200 000 CPU hours. In contrast, a
corresponding sequence of single-particle basis sizes in the
MR-IM-SRG requires only about 3000 CPU hours on a
comparable system.Overall, themethod scales polynomially
with OðN6Þ to larger basis sizes N, which makes it ideally
suited for the description ofmedium- and heavy-mass nuclei.

In Fig. 4, we compare the MR-IM-SRG(2) and
IT-NCSM ground-state energies of the oxygen isotopes, for
the NN þ 3N-induced and NN þ 3N-full Hamiltonians
with !SRG ¼ 1:88 fm&1 to experiment. For the latter, the
overall agreement between the twovery differentmany-body
approaches and experiment is striking: Except for slightly
larger deviations in 12O and 26O, we reproduce experimental
binding energies within 2–3 MeV. This is a remarkable

demonstration of the predictive power of current chiral
NN þ 3N Hamiltonians, at least for ground-state energies.
For further confirmation, we perform CC calculations with
singles and doubles (CCSD), as well as perturbative triples
[!-CCSD(T)] [15,22,34,35] for oxygen isotopes with sub-
shell closures. Using the same Hamiltonians in the NO2B
approximation, the MR-IM-SRG energies are bracketed
by the CC results, and similar to the !-CCSD(T) values,
consistentwith the closed-shell results discussed inRef. [13].
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FIG. 3 (color online). IT-NCSM ground-state energies of the
even oxygen isotopes for the NN þ 3N-induced (a) and NN þ
3N-full Hamiltonians (b) at !SRG ¼ 1:88 fm&1. Solid lines in-
dicate the energy extrapolation based on Nmax ¼ 8–12 data;
dotted lines guide the eye for smaller Nmax. Uncertainties due
to the importance truncation are smaller than the symbols used to
represent the data. All energies are obtained at optimal @".
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FIG. 4 (color online). Oxygen ground-state energies for the
NN þ 3N-induced (a) and NN þ 3N-full (b) Hamiltonian with
!3N ¼ 400 MeV=c. MR-IM-SRG(2), CCSD, and !-CCSD(T)
results are obtained at optimal @", using 15 major oscillator
shells and E3max ¼ 14. The IT-NCSM energies are extrapolated
to infinite model space. Experimental values are indicated by
black bars [28,36].
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Ab Initio Calculations of Even Oxygen Isotopes with Chiral
Two-Plus-Three-Nucleon Interactions

H. Hergert,1,* S. Binder,2 A. Calci,2 J. Langhammer,2 and R. Roth2
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We formulate the in-medium similarity renormalization group (IM-SRG) for open-shell nuclei using

a multireference formalism based on a generalized Wick theorem introduced in quantum chemistry.

The resulting multireference IM-SRG (MR-IM-SRG) is used to perform the first ab initio study of all even

oxygen isotopes with chiral nucleon-nucleon and three-nucleon interactions, from the proton to the

neutron drip lines. We obtain an excellent reproduction of experimental ground-state energies with

quantified uncertainties, which is validated by results from the importance-truncated no-core shell model

and the coupled cluster method. The agreement between conceptually different many-body approaches

and experiment highlights the predictive power of current chiral two- and three-nucleon interactions, and

establishes the MR-IM-SRG as a promising new tool for ab initio calculations of medium-mass nuclei far

from shell closures.

DOI: 10.1103/PhysRevLett.110.242501 PACS numbers: 21.30.!x, 05.10.Cc, 13.75.Cs, 21.60.De

Introduction.—Neutron-rich nuclei are the focus of the
experimental program of current and next-generation rare
isotope facilities. Emerging phenomena such as halos or
neutron skins make these nuclei ideal laboratories to study
nuclear interactions in delicately tuned scenarios, and
motivate the use of ab initio many-body calculations to
provide their description from first principles. Such calcu-
lations make it possible to confront modern nuclear
Hamiltonians from chiral effective field theory [1,2] with
a wealth of data beyond few-body systems.

For light nuclei, the ab initio no-core shell model
(NCSM) [3,4] provides the capabilities for studies of iso-
topic chains, but for medium-mass nuclei this approach is
not feasible because of its large computational effort.
Many-body techniques with more modest computational
scaling, such as the coupled cluster (CC) [5–7] or self-
consistent Green’s function methods [8,9], can be used to
probe nuclei in the vicinity of shell closures, but are not
applicable for open-shell nuclei far from shell closures.
For such nuclei, a self-consistent Gor’kov formalism was
developed recently [10,11], but this approach is currently
limited to second-order terms in the many-body perturba-
tion expansion.

In this Letter, we describe the extension of the in-medium
similarity renormalization group (IM-SRG) framework of
Refs. [12,13] to open-shell nuclei by means of a multirefer-
ence formulation. We use the resulting multireference IM-
SRG (MR-IM-SRG) and two other many-body approaches,
the importance-truncated no-core shell model (IT-NCSM)
and the CCmethod, to perform the first ab initio study of all
even oxygen isotopeswith chiral nucleon-nucleon (NN) and
three-nucleon (3N) Hamiltonians.

Formalism.—The main tools for the derivation of the
MR-IM-SRG are the generalized normal-ordering and

Wick theorem by Kutzelnigg and Mukherjee [14]. We
write a string of creation and annihilation operators in
tensorial form

A1...k
l...N " ay1 . . .a

y
k aN . . . al; (1)

and expand it in terms of components that are normal
ordered with respect to an arbitrary reference state j!i
[14–16]. We obtain

A1...k
l...N ¼ :A1...k

l...N:þ !1
l :A

23...k
mn...N:! !1

m:A
23...k
ln...N:þ % % %

þ ð!1
l!

2
m ! !1

m!
2
l þ !12

lmÞ:A3...k
n...N:þ % % % ; (2)

where ::: indicates normal ordering, and we have intro-
duced irreducible one- and two-body density matrices !ð1Þ

and !ð2Þ:

!1
2 " h!jA1

2j!i; !12
34 " h!jA12

34j!i! !1
2!

3
4 þ !1

3!
2
4:

(3)

The particle rank of the irreducible density matrices is
evident from the single-particle indices. Generally, up to
n-body irreducible density matrices !ðnÞ appear in the
expansion of an n-body operator, which are defined recur-
sively in terms of density matrices of lower rank and
encode information about n-body correlations in the
reference state [14]. For an independent-particle state, all
matrices except !ð1Þ vanish.
Products of normal-ordered operators can be expanded

by means of a generalized Wick theorem, e.g.,

:A12
56::A

34
78:¼ :A1234

5678:þ!1
7:A

234
568:!"3

5:A
124
678:þ%%%

þð!1
7!

2
8!!1

8!
2
7þ!12

78Þ:A34
56:!!12

57:A
34
68:þ%%% ;

(4)
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Oxygen, Fluorine, Nitrogen isotopes:  
Self-Consistent Green’s Function Method 

Magic and  
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Isotopic chains around oxygen from evolved chiral two- and three-nucleon interactions

A. Cipollone,1, ∗ C. Barbieri,1, ∗ and P. Navrátil2, ∗

1Department of Physics, University of Surrey, Guildford GU2 7XH, UK
2TRIUMF, 4004 Westbrook Mall, Vancouver, BC, V6T 2A3, Canada

(Dated: March 21, 2013)

We extend the formalism of self-consistent Green’s function theory to include three-body interactions and
apply it to isotopic chains around oxygen for the first time. The third-order algebraic diagrammatic construction
[ADC(3)] equations for two-body Hamiltonians can be exploited upon defining system-dependent one- and
two-body interactions coming from the three-body force, and correspondingly dropping interaction reducible
diagrams. This goes beyond the standard normal ordering truncations recently used in ab-inito studies. The
Koltun sum rule for the total binding energy acquires a correction due to the added three-body interaction.
This formalism is then applied to study chiral two-nucleon (2N) and three-nucleon forces (3NF) evolved to
low momentum cutoffs. We find that these interactions reproduce the binding energies of nitrogen, oxygen and
fluorine isotopes to great accuracy, providing clear indication of the predictive power of this approach. All three
neutron driplines are correctly predicted when full 3NF are included. The formalism introduced also allows to
calculate form factors for nucleon transfer on doubly magic systems.

PACS numbers: 21.10.-k, 21.30.Fe, 21.60.De

Introduction. - The ultimate goal of ab-initio nuclear the-
ory is to achieve accurate predictions of nuclear properties that
are consistent with the underlying theory of QCD and are pa-
rameter free as much as possible. Advancing on this problem
is presently of primary importance in the mid mass region of
the nuclear chart, in response to significant advances in the
discovery of new nuclides at radioactive isotope facilities [1].
Moreover, parameter free predictions would help reducing un-
certainties in our knowledge of dripline isotopes that are cur-
rently beyond experimental reach [2]. The requirement of ac-
curacy poses strong requirements on both the knowledge of
the nuclear interaction and the many-body techniques used in
the calculations.

Breakthroughs over the last decade were possible due to
the introduction of many-body methods that scale gently with
increasing particle number and therefore can reach systems
well above the p shell. Self consistent Green’s function the-
ory (SCGF) [3, 4], coupled cluster (CC) [5–7] and in-medium
similarity renormalization group (IM-SRG) [8, 9] have been
employed in ab-initio calculations of doubly closed shell nu-
clei with masses up to A∼60. For open-shells, semi-magic
isotopes can be calculated by breaking particle conservation
symmetry and reformulating theories in terms of Hartree-Fock
Bogolioubov reference states as done in Grokov theory [10]
and in IM-SRG. Calculations based on IM-SRG have been
performed for ground state energies [9]. On the other hand,
the state-of-the-art SCGF theory not only can be extended to
open shells [11] but it gives access to a wealth of nuclear struc-
ture information. This includes the addition or removal of one
or two nucleons to/from the calculated ground states [12, 13]
and direct link to microscopic optical potentials [14].

In this Letter, we extend the scope of SCGF to include
three-nucleon forces (3NFs) in finite nuclei. We define density
dependent one- and two-body forces derived from the 3NF
part of the hamiltonian and work out the first order correction
to the Koltun sum rule to obtain binding energies. The method

is applied to the isotopic chains of oxygen, nitrogen and fluo-
rine, as well as spectra of single-neutron states in the sd shell.
This opens the possibility of probing modern realistic nuclear
interactions on a wide range of experimental data, including
excitation spectra, the evolution of shell closures, and the po-
sition of driplines.
Formalism. We employ Green’s function (or propagator)

theory, where the object of interest is the single particle prop-
agator [15].

gαβ(ω) =
∑

n

〈ΨA0 |cα|Ψ
A+1
n 〉〈Ψ

A+1
n |c

†

β
|ΨA0 〉

ω − εA+1
n + iη

+

+
∑

k

〈ΨA0 |c
†

β
|ΨA−1

k 〉〈Ψ
A−1
k |cα|Ψ

A
0 〉

ω − εA−1
k − iη

, (1)

where greek indices α,β,..., label a complete orthonormal ba-
sis set and εA+1

n ≡ (EA+1
n − EA0 ) and εA−1

k ≡ (EA0 − E
A−1
k )

are the nucleon addition and separation energies, respectively.
In Eq. (1), |ΨA+1

n 〉, |ΨA−1
k 〉 are the eigenstates and EA+1

n , EA−1
k

are the eigenenergies of the (A ± 1)-nucleon system. Hence,
gαβ(ω) describes the exact propagation of a single-nucleon or
hole excitation through the system. From Eq. (1) we also ex-
tract the one-body reduced density matrix,

ραβ = 〈Ψ
A
0 |c
†

β
cα|ΨA0 〉 =

∫

C↑
dω gαβ(ω) , (2)

where the integration contourC ↑ is taken on the upper half of
the imaginary plane.

We start our calculations with the intrinsic Hamiltonian
H(A) = H − Tc.m.(A) = U(A)+ V(A)+W in which the kinetic
energy of the center of mass (c.o.m.) has been subtracted and
we put in evidence the dependence on the number of nucle-
ons A. The terms U, V and W collect all the the one-, two-
and three-nucleon contributions, respectively. Based on this,
we define system dependent one- and two-body effective in-
teractions obtained by contraction with the correlated density
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FIG. 3. (Color online) Top. Evolution of single-particle energies for
neutron addition and removal around sub-shell closures of oxygen
isotopes. Bottom. Binding energies obtained from the Koltun SR and
the poles of propagator (1), compared to experiment (bars) [32, 33].
All points are corrected for the kinetic energy of the c.o.m. motion.
For all lines, red squares (blue dots) refer to induced (full) 3NFs.

the full Hamiltonian—is to raise this last orbit above the con-
tinuum threshold and confirms the increasing repulsive ef-
fects of the two-pion exchange Fujita-Miyazawa interaction
on this orbits, as the neutron sd shell is filled [34]. Instead,
the d5/2 quasiparticle states are lowered by about 1 MeV on
average, providing extra binding through the Koltun SR for-
mula (7). The consequences of this trends are demonstrated
by the calculated ground state energies shown in the bottom
panel: the induced hamiltonian systematically under binds the
whole isotopic chain, and confirms earlier predictions based
solely on the original 2N-N3LO interaction [35]. The dripline
is also erroneously placed at 28O because of the lack of re-
pulsion in the d3/2 orbit. On the other hand, contributions
from pre-existing 3NFs are substantial and increase with the
mass number up to 24O, when the unbound d3/2 orbit starts be-
ing filled. As a result, the full Hamiltonian nicely reproduces
both the experimental ground state energies and the observed
dripline at 24O [36]. Our result suggest a ground state reso-
nance for 28O unbound by 5.2 MeV with respect to 24O. How-
ever this estimate is likely to be affected the presence of the
continuum which is important for this nucleus but neglected
in the present work.
The same effects are demonstrated in Fig. 4 for the semi-

magic odd-even isotopes of nitrogen and fluorine. Induced
3NF forces consistently under bind these isotopes and even
predict a 27N close in energy to 23N. This is fully corrected by
full 3NFs that strongly binds 23N with respect to 27N, in accor-
dance with the experimentally observed dripline. The repul-
sive effects of filling the d3/2 is also observed in 29F. However,
the inclusion of an extra proton provides enough extra binding
to keep the latter isotope bound by about 700 keV with respect
to 25F, in much better agreement with the experimental value
of 1.47 MeV. The induced interaction alone would overesti-
mate this binding and pre-existing 3NFs are fundamental in
achieving the correct balancing between the attraction gener-
ated by the extra proton and the repulsion due to the filling of
the neutron sd shell.
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FIG. 4. (Color online) Binding energies of odd-even nitrogen and
fluorine isotopes calculated for induced (red squares) and full (green
dots) interactions. Experimental data are from [33].

In conclusion, we have considered the extension of the
SCGF method to include three-body hamiltonians. By prop-
erly defining system dependent effective one- and two-body
interactions that include the relevant contribution form 3NFs,
calculations can be performed with formalisms already ex-
isting for two-body Hamiltonians. This approach, however,
goes beyond usual truncations based on normal ordering of
the Hamiltonian and employs fully correlated densities instead
of unperturbed reference states. We applied this approach for
the first time to study SRG-evolved chiral 2N and 3N inter-
actions on the isotopic chains of nitrogen, oxygen and fluo-
rine. We find that chiral 3NF at N2LO are crucial in predicting
the binding energies of these isotopes and they reproduce the
correct behaviour at the neutron driplines for all three cases.
Within the estimated errors due to the many-body techniques
and the dependence on the SRG evolutions, we find a remark-
able agreement between our calculations and the experimental
energies along all three isotopic chains.
Recent results [11] clearly show that state of the art SCGF

methods can be straightforwardly extended to the correspond-
ing Gorkov formalism for open shells, which is now under-
way. This would not only allows direct calculations of semi-
magic even-even isotopes with analogous quality as above but
would also allow extracting a wealth of information on neigh-

4

!

!

!
!

!

"

"

"

"

"

!
!

!
!

!

"

"

"

"

"

!

!

!

!

!

!!

"

"

"

"

"

2s1!2

1d5!2

1d3!2

!8

!6

!4

!2

0

2

4

6

Ε iA
#
1
"M
eV
#

2N$3N$full%
2N$3N$ind%

!

!

!!

!
!

!

!
!!

! !
! !

!

"

"

""

"
"

"

" ""
" " " "

"

#Ω&24 MeV
ΛSRG&2.0 fm!1

14O 16O 22O 24O 28O
!180

!160

!140

!120

!100

!80

!60

E g
.s.
"M
eV
#

Exp
2N$3N$full%
2N$3N$ind%

FIG. 3. (Color online) Top. Evolution of single-particle energies for
neutron addition and removal around sub-shell closures of oxygen
isotopes. Bottom. Binding energies obtained from the Koltun SR and
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the full Hamiltonian—is to raise this last orbit above the con-
tinuum threshold and confirms the increasing repulsive ef-
fects of the two-pion exchange Fujita-Miyazawa interaction
on this orbits, as the neutron sd shell is filled [34]. Instead,
the d5/2 quasiparticle states are lowered by about 1 MeV on
average, providing extra binding through the Koltun SR for-
mula (7). The consequences of this trends are demonstrated
by the calculated ground state energies shown in the bottom
panel: the induced hamiltonian systematically under binds the
whole isotopic chain, and confirms earlier predictions based
solely on the original 2N-N3LO interaction [35]. The dripline
is also erroneously placed at 28O because of the lack of re-
pulsion in the d3/2 orbit. On the other hand, contributions
from pre-existing 3NFs are substantial and increase with the
mass number up to 24O, when the unbound d3/2 orbit starts be-
ing filled. As a result, the full Hamiltonian nicely reproduces
both the experimental ground state energies and the observed
dripline at 24O [36]. Our result suggest a ground state reso-
nance for 28O unbound by 5.2 MeV with respect to 24O. How-
ever this estimate is likely to be affected the presence of the
continuum which is important for this nucleus but neglected
in the present work.
The same effects are demonstrated in Fig. 4 for the semi-

magic odd-even isotopes of nitrogen and fluorine. Induced
3NF forces consistently under bind these isotopes and even
predict a 27N close in energy to 23N. This is fully corrected by
full 3NFs that strongly binds 23N with respect to 27N, in accor-
dance with the experimentally observed dripline. The repul-
sive effects of filling the d3/2 is also observed in 29F. However,
the inclusion of an extra proton provides enough extra binding
to keep the latter isotope bound by about 700 keV with respect
to 25F, in much better agreement with the experimental value
of 1.47 MeV. The induced interaction alone would overesti-
mate this binding and pre-existing 3NFs are fundamental in
achieving the correct balancing between the attraction gener-
ated by the extra proton and the repulsion due to the filling of
the neutron sd shell.

!

!

!

! !

"

"

"

"

"

!

!

!
!

!

"

"

"
" "

#Ω&24 MeV
ΛSRG&2.0 fm!1

15F 17F 23F 25F 29F

!180

!160

!140

!120

!100

!80

13N 15N 21N 23N 27N

E g
.s.
"M
eV
#

Exp
2N$3N$ind%
2N$3N$full%

FIG. 4. (Color online) Binding energies of odd-even nitrogen and
fluorine isotopes calculated for induced (red squares) and full (green
dots) interactions. Experimental data are from [33].

In conclusion, we have considered the extension of the
SCGF method to include three-body hamiltonians. By prop-
erly defining system dependent effective one- and two-body
interactions that include the relevant contribution form 3NFs,
calculations can be performed with formalisms already ex-
isting for two-body Hamiltonians. This approach, however,
goes beyond usual truncations based on normal ordering of
the Hamiltonian and employs fully correlated densities instead
of unperturbed reference states. We applied this approach for
the first time to study SRG-evolved chiral 2N and 3N inter-
actions on the isotopic chains of nitrogen, oxygen and fluo-
rine. We find that chiral 3NF at N2LO are crucial in predicting
the binding energies of these isotopes and they reproduce the
correct behaviour at the neutron driplines for all three cases.
Within the estimated errors due to the many-body techniques
and the dependence on the SRG evolutions, we find a remark-
able agreement between our calculations and the experimental
energies along all three isotopic chains.
Recent results [11] clearly show that state of the art SCGF

methods can be straightforwardly extended to the correspond-
ing Gorkov formalism for open shells, which is now under-
way. This would not only allows direct calculations of semi-
magic even-even isotopes with analogous quality as above but
would also allow extracting a wealth of information on neigh-
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Introduction.—The ultimate goal of ab initio nuclear
theory is to achieve accurate predictions of nuclear prop-
erties that are consistent with the underlying theory of
QCD. Advancing on this problem is presently of primary
importance in the mid mass region of the nuclear chart, in
response to significant advances in the discovery of new
nuclides at radioactive isotope facilities [1]. Moreover,
parameter free predictions would help reducing uncertain-
ties in our knowledge of those drip line isotopes that are
currently beyond experimental reach [2]. It has now
become clear that accurate predictions require the explicit
inclusion of multi-nucleon forces [3–5]. For the oxygen
chain, it has been shown that the Fujita-Miyazawa three-
nucleon force (3NF) is responsible for explaining the
anomalous dripline at 24O [3]. Reference [6] confirmed
this result by considering approximated chiral 3NFs at
next-to next-to leading order (NNLO). However, no inves-
tigation of 3NF’s effects on neighboring isotopic chains
has been made to date. In this Letter, we find that a correct
inclusion of NNLO 3NFs consistently reproduces the
observed binding energies and that 3NFs similarly affect
the behavior near the drip lines for other isotopes as well.

Concerning the calculation of mid mass nuclei, break-
throughs were possible over the last decade due to the
introduction of many-body methods that scale gently
with increasing particle number. Self-consistent Green’s
function theory (SCGF) [7,8], coupled cluster (CC)
[4,6,9], and in-medium similarity renormalization group
(IM-SRG) [10,11] have been employed in ab initio calcu-
lations of doubly closed shell nuclei with masses up to
A" 60. For open shells, semi-magic isotopes can be
calculated by breaking particle conservation symmetry
and reformulating theories in terms of Hartree-Fock
Bogolioubov reference states, as done in Gorkov theory

[12–15] and in IM-SRG [16]. Calculations based on
IM-SRG have been performed for ground state energies.
On the other hand, the state-of-the-art SCGF theory can
also be extended to the Gorkov approach [12,14] and it
gives access to a wealth of nuclear structure information.
This includes the addition or removal of one or two nucle-
ons to and from the calculated ground states [17–19] and
direct link to microscopic optical potentials [20,21].
This Letter extends the scope of SCGF to include 3NFs

in finite nuclei. We define density dependent one- and
two-body interactions derived from the 3NF part of the
Hamiltonian and work out the correction to the Koltun
sum rule to obtain binding energies. This allows us to fully
include chiral 3NFs in the third-order algebraic diagram-
matic construction [ADC(3)] equations commonly used in
quantum chemistry applications [22,23]. The method is
applied to study chiral 3NFs in the oxygen, nitrogen, and
fluorine isotopic chains, as well as the spectra of single
neutron states in the sd shell. This opens the possibility of
probing modern realistic nuclear interactions on a wide
range of experimental data, including excitation spectra,
the evolution of shell closures, and the position of drip lines.
Formalism.—We employ Green’s function (or

propagator) theory and calculate the single particle
propagator [24],

g!"ð!Þ ¼
X

n

h!A
0 jc!j!Aþ1

n ih!Aþ1
n jcy"j!A

0 i
!! "Aþ1

n þ i#

þ
X

k

h!A
0 jcy"j!A!1

k ih!A!1
k jc!j!A

0 i
!! "A!1

k ! i#
; (1)

where greek indices !;"; . . . label a complete orthonormal
basis set and "Aþ1

n 'ðEAþ1
n !EA

0 Þ and "A!1
k 'ðEA

0 !EA!1
k Þ
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The ab initio no-core shell model (NCSM)   

•  The NCSM is a technique for the solution of the A-nucleon bound-state problem 

•  Realistic nuclear Hamiltonian 

–  High-precision nucleon-nucleon potentials 

–  Three-nucleon interactions  

•  Finite harmonic oscillator (HO) basis  

–  A-nucleon HO basis states 

–  complete NmaxhΩ model space 

•  Effective interaction tailored to model-space truncation for NN(+NNN) potentials 

–  Okubo-Lee-Suzuki unitary transformation  

•  Or a sequence of unitary transformations in momentum space: 
–  Similarity-Renormalization-Group (SRG) evolved NN(+NNN) potential 

Convergence to exact solution with increasing Nmax 
for bound states. No coupling to continuum.  

A 
ΨA = cNiΦNi

A

i
∑

N=0

Nmax

∑

1max += NN



NCSM calculations of 6He and 7He g.s. energies 
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NCSM
Exp fit
extrap

7He

SRG-N3LO NN
Λ=2.02 fm-1

hΩ=16 MeV

3/2-

0+6He

ü  Nmax convergence OK 
ü  Extrapolation feasible 

•  6He: Egs=-29.25(15) MeV (Expt. -29.269 MeV)  
•  7He: Egs=-28.27(25) MeV (Expt. -28.84(30) MeV) 

•  7He unbound (+0.430(3) MeV), width 0.182(5) MeV 
•  NCSM: no information about the width 

 

7He 

unbound 

2

Eg.s. [MeV] 4He 6He 7He

NCSM Nmax=12 -28.05 -28.63 -27.33

NCSM extrap. -28.22(1) -29.25(15) -28.27(25)

Expt. -28.30 -29.27 -28.84

TABLE I: Ground-state energies of 4,6,7He in MeV. An expo-
nential fit was employed for the extrapolations.

We begin by presenting NCSM calculations for 6He
and 7He that will serve as input for the subsequent
NCSM/RGM and NCSMC investigations of 7He. In
this work, we use the similarity-rnormalization-group
(SRG) evolved [30–33] chiral N3LO NN potential of
Refs. [34, 35]. For the time being, we omit both induced
and chiral initial three-nucleon forces, and our results de-
pend on the low-momentum SRG parameter Λ. However,
for Λ = 2.02 fm−1, we obtain realistic binding energies
for the lightest nuclei, e.g., 4He and, especially important
for the present investigation, 6He (see Table I). Conse-
quently, this choice of NN potential allows us to perform
qualitatively and quantitatively meaningful calculations
for 7He that can be compared to experiment. Except
where differently stated, all results shown in this work
have been obtained with an harmonic oscillator (HO)
Nmax=12 basis size and frequency !Ω=16 MeV.

The variational NCSM calculations converge rapidly
and can be easily extrapolated. At Nmax=12 (our 6,7He
limit for technical reasons), the dependence of the 6He
g.s. energy on the HO frequency is flat in the range
of !Ω ∼ 16−19 MeV. In general, when working within
an HO basis, lower frequencies are better suited for the
description of unbound systems. Therefore, we choose
!Ω=16 MeV for our subsequent calculations. Extrap-
olated g.s. energies with their error estimates and the
Nmax=12 results are given in Table I. Calculated 6He ex-
citation energies for basis sizes up to Nmax=12 are shown
in Fig. 1. The 6He is weakly bound with all excited states
unbound. Except for the lowest 2+ state, all 6He excited
states are either broad resonances or states in the con-
tinuum. We observe a good stability of the 2+1 state
with respect to the basis size of our NCSM calculations.
The higher excited states, however, drop in energy with
increasing Nmax with the most dramatic example being
the multi-!Ω 0+3 state. This spells a potential difficulty
for a NCSM/RGM calculations of 7He within a n+6He
cluster basis as, with increasing density of 6He states at
low energies, a truncation to just a few lowest eigenstates
becomes questionable.

For the 7He, the NCSM predicts the g.s. unbound in
agreement with experiment. However, the resonance en-
ergy with respect to the 6He+n threshold appears over-
estimated. Obviously, it is not clear that the ad hoc
exponential extrapolation is valid for unbound states. In
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FIG. 1: (color online). Dependence of 6He excitation energies
on the size of the basis Nmax.

addition, no information on the width of the resonance
can be obtained from the NCSM calculation. We can,
however, study the structure of the 7He NCSM eigen-
states by calculating their overlaps with 6He+n cluster
states, which are related to ḡλν (see Eq. (2)), and the
corresponding spectroscopic factors summarized in Ta-
ble II. Overall, we find a very good agreement with the
VMC/GFMC results as well as with the latest experi-
mental value for the g.s. [2]. Interesting features to no-
tice is the about equal spread of 1/2− between the 0+ and
2+2 states. We stress that in our present calculations, the
overlap functions and spectroscopic factors are not the
final products to be compared to experiment but, on the
contrary, inputs to more sophisticated NCSMC calcula-
tions.

7He Jπ 6He−n(lj) NCSM CK VMC GFMC Exp.

3/2−1 0+−p 3
2

0.56 0.59 0.53 0.565 0.512(18) [2]

0.64(9) [36]

0.37(7) [11]

3/2−1 2+1 −p 1
2

0.001 0.06 0.006

3/2−1 2+1 −p 3
2

1.97 1.15 2.02

3/2−1 2+2 −p 1
2

0.12 0.09

3/2−1 2+2 −p 3
2

0.42 0.30

1/2− 0+−p 1
2

0.94 0.69 0.91

1/2− 2+1 −p 3
2

0.34 0.60 0.26

1/2− 2+2 −p 3
2

0.93

TABLE II: NCSM spectroscopic factors compared to Cohen-
Kurath (CK) [37] and VMC/GFMC [16, 38, 39] calculations
and experiment. The CK values should be still multiplied by
A/(A−1) to correct for the center of mass motion.
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•  φ : antisymmetric cluster wave functions  
–  {ξ}: Translationally invariant internal coordinates 

   (Jacobi relative coordinates) 

–  These are known, they are an input 
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•  Αν, Αµ : intercluster antisymmetrizers  
–  Antisymmetrize the wave function for exchanges of nucleons between clusters 

–  Example: 
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•  c, g and G: discrete and continuous 
linear variational amplitudes 

–  Unknowns to be determined 
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•  Discrete and continuous set of basis functions 
–  Non-orthogonal 

–  Over-complete  
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•  In practice: function space limited by using 
relatively simple forms of Ψ chosen according to 
physical intuition and energetical arguments 

–  Most common: expansion over binary-cluster basis    
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The ab initio NCSM/RGM in a snapshot 

•  Ansatz: 

Hamiltonian kernel Norm kernel 

§  Many-body Schrödinger equation: 

ê 

eigenstates of  
H(A-a) and H(a)  
in the ab initio  
NCSM basis 

realistic nuclear Hamiltonian 
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   Separation into “internal” and “external” regions at the channel radius a 

 

 

–  This is achieved through the Bloch operator: 

–  System of Bloch-Schrödinger equations: 

–  Internal region: expansion on square-integrable Lagrange mesh basis 

–  External region: asymptotic form for large r 
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n-4He scattering: NN vs. NN+NNN interactions 

chiral NN+NNN(500)  
chiral NN+NNN-induced                           
SRG λ=2 fm-1                           
HO Nmax=13, hΩ=20 MeV 

The largest splitting 
between the P-waves 
obtained with the chiral 
NN+NNN interaction 
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Ab initio calculation of the 3H(d,n)4He fusion 
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d+3H and n+4He elastic scattering: phase shifts 

•  d+3H elastic phase shifts: 
–  Resonance in the 4S3/2 channel 
–  Repulsive behavior in the 2S1/2 

channel è Pauli principle 

•  n+4He elastic phase shifts: 
–  d+3H channels produces slight 

increase of the P phase shifts 
–  Appearance of resonance in the 

3/2+ D-wave, just above d-3H 
threshold 
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The d-3H fusion takes place through a transition of  d+3H is S-wave to n+4He in D-wave:  
Importance of  the tensor force 

d* deuteron pseudo state in 3S1-3D1 channel: 
deuteron polarization, virtual breakup 



•  NCSM/RGM with SRG-N3LO NN potentials 

3H(d,n)4He & 3He(d,p)4He fusion 
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Potential to address unresolved fusion research related questions: 
3H(d,n)4He fusion with polarized deuterium and/or tritium, 

3H(d,nγ)4He bremsstrahlung, 
Electron screening at very low energies … 

P.N., S. Quaglioni, 
PRL 108, 042503 (2012) 
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Solar p-p chain 

p-p chain 

7 

Solar neutrinos 

   Eν < 15 MeV 
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§  NCSM/RGM calculation  
§  7Be states 3/2-,1/2-, 7/2-, 5/2-
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§  Soft NN potential (chiral SRG-N3LO with Λ = 1.86 fm-1) 
 

7Be(p,γ)8B radiative capture 
7Be 

p 

8B 2+ g.s. bound by  
136 keV  

(expt. 137 keV) 

S(0) ~ 19.4(0.7) eV b 

Data evaluation: 
S(0)=20.8(2.1) eV b 

 

P.N., R. Roth, S. Quaglioni, 
Physics Letters B 704 (2011) 379 



How about 7He as n+6He?  
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•  All 6He excited states above 2+
1 broad resonances or states in continuum 

•  Convergence of the NCSM/RGM n+6He calculation slow with number of 6He states 
•  Negative parity states also relevant  
•  Technically not feasible to include more than ~ 5 states 



ΨA
JπT = cNi ANiJ

πT
Ni
∑

NCSM/RGM r

NCSMC r+

H� = EN�

(N� 1
2HN� 1

2 )�̄ = E�̄

✓
HNCSM h̄

h̄ N� 1
2HN� 1

2

◆✓
c
�̄

◆
= E

✓
1 ḡ
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New developments: NCSM with continuum 
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New developments: NCSM with continuum 
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Experimental controversy:  
Existence of low-lying 1/2- state  
… not seen in these calculations 

4

Jπ experiment NCSMC NCSM/RGM NCSM

ER Γ Ref. ER Γ ER Γ ER

3/2− 0.430(3) 0.182(5) [2] 0.71 0.30 1.39 0.46 1.30

5/2− 3.35(10) 1.99(17) [40] 3.13 1.07 4.00 1.75 4.56

1/2− 3.03(10) 2 [11] 2.39 2.89 2.66 3.02 3.26

3.53 10 [15]

1.0(1) 0.75(8) [5]

TABLE III: Experimental and theoretical resonance centroids
and widths in MeV for the 3/2− g.s. , 5/2− and 1/2− excited
states of 7He. See the text for more details.

shifts is maximal [41]. The resonance widths are then
computed from the phase shifts according to (see, e.g.,
Ref. [42])

Γ =
2

dδ(Ekin)/dEkin

∣

∣

∣

∣

Ekin=ER

. (4)

An alternative, less general, choice for the resonance en-
ergy ER could be the kinetic energy corresponding to a
phase shift of π/2 (thin dashed lines in Fig. 3). While
Eq. (4) is safely applicable to sharp resonances, broad
resonances would require an analysis of the scattering
matrix in the complex plane. As we are more interested
in a qualitative discussion of the results, we use here the
above extraction procedure for broad resonances as well.
The two alternative ways of choosing ER lead to basi-
cally identical results for the calculated 3/2−1 resonances,
however the same is not true for the broader 5/2− and
the very broad 1/2− resonances. The π/2 condition, par-
ticularly questionable for broad resonances, would result
in ER ∼ 3.7 MeV and Γ ∼ 2.4 MeV for the 5/2− and
ER ∼ 4 MeV (see Fig. 3) and Γ ∼ 13 MeV for the 1/2−

resonance, respectively.
The resonance position and width of our NCSMC 3/2−

g.s. slightly overestimate the measurements, whereas the
prediction for the 5/2− is lower compared to experi-
ment [3, 40], although our determination of the width
should be taken with some caution in this case. As for
the 1/2− resonance, the experimental situation is not
clear as discussed in the introduction and documented
in Table III. While the centroid energies of Refs. [11, 12]
and [15] are comparable, the widths are very different.
With our determination of ER and Γ, the NCSMC re-
sults are in fair agreement with the neutron pick-up and
proton-removal reactions experiments [11, 12] and defi-
nitely do not support the hypothesis of a low lying (ER∼1
MeV) narrow (Γ ≤ 1 MeV) 1/2− resonance [4–8]. In ad-
dition, our NCSMC calculations predict two broad 6P3/2

resonances (from the coupling to the two respective 6He
2+ states) at about 3.7 MeV and 6.5 MeV with widths of
2.8 and 4.3 MeV, respectively. The corresponding eigen-
phase shifts do not reach π/2, see Fig. 3. In experiment,

there is a resonance of undetermined spin and parity at
6.2(3) MeV with a width of 4(1) MeV [40]. Finally, it
should be noted that our calculated NCSMC ground state
resonance energy, 0.71 MeV, is lower but still compatible
with the extrapolated NCSM value of 0.98(29) MeV (see
Tables I and III).

In conclusion, we introduced a new unified approach to
nuclear bound and continuum states based on the cou-
pling of the no-core shell model with the no-core shell
model/resonating group method. We demonstrated the
potential of the NCSMC in calculations of 7He reso-
nances. Our calculations do not support the hypothesis
of a low lying 1/2− resonance in 7He.
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•  The lightest nucleus where the 3N interaction appear to 
make the description of low lying states worse: Does this 
suggest our 3N interaction models are wrong? 

Structure of 9Be 
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However, all excited states  
are resonances. 
What is the effect  
of the continuum? 



•  The lightest nucleus where the 3N interaction appear to 
make the description of low lying states worse: Does this 
suggest our 3N interaction models are wrong? 
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Preliminary results  
in Nmax=6 space: 

 
5/2- a very narrow (or bound)  

F-wave – no shift 
 

1/2- a broader P-wave – a large  
shift due to the continuum 



•  The lightest nucleus where the 3N interaction appear to 
make the description of low lying states worse: Does this 
suggest our 3N interaction models are wrong? 
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•  The unnatural parity states are predicted too high in the 
NCSM calculations. Is this a HO basis size problem? Is 
this an interaction dependent problem?   

Structure of 9Be 
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 Large HO basis size (Nmax)  
definitely helps. 

 

But…  



•  The unnatural parity states are predicted too high in the 
NCSM calculations. Is this a HO basis size problem? Is 
this an interaction dependent problem?   

Structure of 9Be 

49 
−3

−2

−1

0

1

2

3

4

5

6

7

8

9

10

En
er

gy
 (M

eV
)

9Be

n+8Be

N3LO NN+3NF(500)
SRG Λ = 2.0 fm−1

h- Ω = 20 MeV

NCSM NCSMCExpt

1/2+
5/2+

3/2+

9/2+

7h- Ω

Breakup thresholds impact S-waves  
Continuum important for other 

waves as well 

0 1 2 3 4 5 6 7 8 9
Ekin [MeV]

-120

-90

-60

-30

0

30

60

90

120

150

180

δ 
[d

eg
]

2S1/2

2D3/2

2D5/2 6D9/2
4S3/2

6S5/2
NCSMC  

n-8Be(0+,2+) + 9Be 

Need to switch to NCSMC! 



NCSM/RGM for three-body clusters 

NCSM 

Phaseshifts (preliminary results) 

4He(g.s.)+n+n 
Recent exp.: Phys. Lett. B 718 (2012) 441 

Talk by Carolina Romero-Redondo, B3, Tuesday 15:50 



Conclusions and Outlook 

•  Significant progress in ab initio approaches for p-shell nuclei 

•  New very successful approaches to medium mass nuclei 

•  We developed a new unified approach to nuclear bound and unbound states 
–  Merging of the NCSM and the NCSM/RGM = NCSMC  

 

•  Outlook: 
–  Inclusion of three-nucleon interactions in reaction calculations for A>5 systems 
–  Extension to composite projectiles (deuteron, 3H, 3He, 4He) 
–  Extension to three-body clusters (6He ~ 4He+n+n) 
–  Composite-projectile reactions on targets heavier than 4He  

•  Ab initio calculations of nuclear structure and reactions is a dynamic field 
with significant advances  

•  Several exact methods applicable to few-nucleon systems (A=3,4) 
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