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* The problem (as old as QM...)

1
Z(Zm) A + Z Virij) =T +V
j>i=1
o The goal:
To demonstrate an analytic approach for solving the bound state problem for
the three-body Schrodinger equation

o Main result:

Under certain assumptions on V;;: R* > R,Vx=0,1,...,
AL, ¢ R’ o(H) = L3 0(Hy); He = HY + y(Viz - Va3) in LA(L), y = my!

Hg E(—(XAlz 9P VK,1)®I ar I®(—ﬁA23)

1/1 1 1 1
=(—aA I + I —-BA VK s =5l ) -
( o 12)® + ®( ,B 23t ,2) a 2(7”12 +m3) ﬂ (ml T’HQ)
Vi [0,00) = R (i = 1,2) is found from V, = ¥,(9"/9r§)Vy;
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susd”

. Advantage over the center-of-mass representa-
tion

Wi

(1) I={(ts,tots) € R*X R*X R% t; +1, =t} = (R%+) X R®
2 ILinIl.,=92 (x#«') disjoint sets

3) {UZ":OIKW =Ip=01,.. } equivalence class

o Center-of-mass: },;V; =0, Vij = (m;V; — m;V;)/(m; + m;) on R’ [R. J. Slobodrian,
Phys. Rev. C 39, no. 3, 1052 (1989)],

H= [(—OL/A]Z + V]z) + (—ﬁ’Azg + V23)] + ['}/’(V]z . V23) + V13] in Lz(Rﬁ)

Separable

o The present: };; Vi =0 on I,

Perturbation

HK = [—aAlz — ﬂAQg + VK] + [‘)/(Vu ° V23)] in L2(IK)

Separable

Perturbation
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" Outline

@ Similarity for the Hamiltonian

(a) Translation invariance
(b) Unitary equivalence
(¢) Nilpotent Lie algebra

© Coulomb case

(a) Stability criterion
(b) Discrete spectrum

@ Summary
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Similarity for the Hamiltonian

UNIV, R . o
0%.1579%!}% Similarity for the Hamiltonian

7,

Q;\\\\Y\ R Vll,/v

< Translation invariance
"AS

Assumptions:

(A1) V is decaying Euclidean invariant: V;; — 0 as r;; — oo and Vj(rij) = V(1))
(A2) V€ C®(R®) and V; = 0 is independent of {rij} for some k=1,2,...

(A3) H admits self-adjoint extensions: D(V) 2 D(T)

Note:
(A1)-(A2) are sufficient to reduce the problem formally. (A3) is necessary for

the spectral analysis.

Lemma, (1)

Given H=T +V on R’, with V obeying (A1)-(A2). Assume that

Y € Ker(E — H), where ¢ = (E; 11,72, 73), with E € o(H). Then (a) functions i
are translation invariant, i = @(E; r12, 723, 713), (b) ¢ € Ker(E — (T + V)), with
iy = — z;.’;l(zm,.)—laf, 01=Vip+Viz, 02=V3 =V, d3=-Vpu -V
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Similarity for the Hamiltonian

Yp%_\)l];;‘;%&? Similarity for the Hamiltonian

s 3

- Baxl

% %/< Translation invariance #2

‘?S“S w
Note: By Lemma (1) and (A3), H = To + V and H: D(T,) — L*(R®)

Lemma (2)

Define G = Z,-<j Vij. There exist domains D, D" ¢ D(T) such that
D ={p € D(Typ): G =0}, DUD’ C D(Ty) and DN D’ = @.

Corollary (1)
The operator Ty [ D is represented by the following equivalent forms

To [ D=—adpp—BAx +y(Via - Va),
=—E&Ap —aliz+ C(Viz - V),
=— &A1 — BAr +n(Viz - Viz).

Note: |[G, H] # 0 in L(R)| (1)
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Similarity for the Hamiltonian

Similarity for the Hamiltonian

Umtary equivalence: Graph of the additive

group on R°

(1) I=(R%+)xR=R’
Q) G= Zv,-]- = (G+,Gy,G):  Choose G,

i<j
B V,=GlV; GI=G,G;...G;, (n=0,1,... times)
4 I.= {(7"12, T23,713) € R 1o + 723 = 113, Vi1 = 0}
(R®

5) ;)X T C(RG+)X RO = T

IIZ

I Vip(t)  Was(t) M Vis(th + to)
J.={(t,t) € R =0
{( Lozl It ISt Jltr + Lo+

By (1)—(5): {@:):0 LZ(IK+p) =[%(R%: p=0,1,.. } equivalence class

September 9, 2013 7 /12
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Similarity for the Hamiltonian

UNIVg, .. . g g
0‘9 1579 '?& Similarity for the Hamiltonian

Q}}\m\ %73 ) 7

Nllpotent Lie algebra

Theorem

Given the commutation relation [u, v](¢) = w(p) on I for k =0,1,... and
@ € CL(R®), where u, v, w denote any quantity from G, Vo, V1, ..., V. Then

(1)
[Gs, Vul = Va1, [V, Vil =0 forall m,m=0,1,2,...,x

(2) The commutation relations define the Lie algebra A = A(I), with an
operation I. X I. — I.

Corollary (2)
The Lie algebra A(Iy) is nilpotent with the nilpotency class x + 1.
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Similarity for the Hamiltonian

Similarity for the Hamiltonian

Nllpotent Lie algebra: Extensions from C®(R®)
to L2(R°)

@ Rep. of A: gle) = Gz, o(fu) = Vus €, fo, ..., fi strictly upper-triangular matrices
© Matrix Lie group (exponentiation): L(I) = {exp(iat): a € A(I,),t € R}
@ Rep. of L: II(exp(ia)) = exp(io(a)) on C¥(R?’), all a € A

@ Natural domain of Ty in L2(L;) (s = x,x +1,...): Dy C L?(I;) densely,
IToll 2z, < o0

@ Restriction of Ty + Vi, denoted H;, on Ds = {¢p € Dys: G = 0}

Q By Theorem, | [G,H,] = 0 in L*(I) | (recall Corollary (1)!)

@ For ¢ € Dq, II generates {exp(itV;): j=0,1,...,s;t € R} C {exp(itH,):
j=0,1,...,s;t € R} = U, the group of unitary transformations

Q By Corollary (2), U; D Ul >... > US = {exp(itH;)}
Q I, » I as s — oo yields U; — {exp(itTy)} C {exp(itH)}
QD Byu.I =1, {EB:;O Dysp = D(To): p=0, 1,...} equivalence class
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Coulomb case

\)MVE'?&

1579+ Coulomb case

Stablhty criterion

(1) He=H)+y(Vi2:Vp), Hl=T1+Ta+V,, Ti=-aln, Tr=-Plxy
(2) info(H,) = info(HY) [B. Simon, Helv. Phys. Acta 43, 607 (1970)]
3) H)=H) ®+I®T, =T\®I+I®H,, H, =Ti+V. (i=12),

or e
Vii(riz) = 7 (Vu(”lz) + 9" Vas(ri2/9) + (9/0)" V13(CT’12/KJ)) ff/T’f;I,
12
dJ* eff ) x
Via(ras) = pP (f(J_KVlz(SOTzs) + Vas(rs) + C_KV13(C7’23)) ff/r .

23
(4) Stability criterion (recall Jyp):
(9K+p+1/3T’EP+1)(V12(712) + P P Vs (ria /) + (@/C)HPHVB(CHZ/SO)) =0

Eg: For Vi]' = Zi]'rl._].l, (4) yields Z1p + kaZ23 + (S{)/C)kzlg, =0 (hence V fulfills
(A2)), k = x + p + 2; the latter together with (3) determine multipliers ¢ and ¢
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Coulomb case

%\)NIV 4)&

1579 Coulomb case
g ‘“;
%G § Discrete spectrum

S, A VS

@ « =0 (potential Ay/r, Ay < 0):
2
Gatoe (HY) ={_1(Z1(Zz + Z3) " Zy ) S1/2 < ) \/E
4 n Na N \/_ B

I’li:li+1,li+2, 1—01 1—1,2}

IA
=

Eg: Eo(He) = —2.914048 (ground st.), Eo(Ps™) = —1/4 (threshold)
O « =1 (potential A;/r?, A; > 0):

. a, i=1 .
od.bc(H)— lnf {XBl<O3 XEX(1)={ B, i=2 ;B1 = Bi(i)

( 2 )Z(F(ni + v,-))
ro/ \I'(n; —vy)
Eg: Ei(He) = @, E1(Ps™) = —0.515488/1%; by [A. Martin et al, Phys. Rev. A 46,

3697 (1992)], ground st. of Ps™ & —0.261995. Then E, + E; = —0.261995 yields
1o ~ 6.56 (eg rp =4 in [A. P. Mills et al, New. Dir. Ant. Chem. Phys. (2002)])
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Coulomb case

UNIV,
i 1579%!}% Coulomb case

Summary

Main conclusion:

Imposed under (A1)-(A3), for H=T + V in L?>(R’), there exists a subspace
L%(I,) such that H projected onto it admits SO(3)-invariance
(H, = H2+Hughes-Eckart).

@ Geometry of I is advantageous over Jacobi coordinates, perimetric coordinates,
center-of-mass representation because it leaves V unchanged and allows one to
simplify T on certain domains

@ By partitioning I into disjoint subsets I, one obtains the equivalence relation
between L2(R®) and the decomposition ®L%(I,) eventually implying that the
spectrum of H is the sum of the spectra of H,

@ In the Coulomb case, the spectrum of H? is found by solving the radial
Schrédinger equation in L2([0, o0); dr) with the potential of the form A, 771
where A, <0 for k =0,2,...,and A, >0 for xk =1,3,...

Loy = —d?/dr + 1+ 1)/7* + A /rY (1=0,1,...;A € R)
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