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 Chiral Perturbation Theory
Chiral Perturbation Theory: expansion of the scattering amplitude in powers of

Q = 
momenta of pions and nucleons or Mπ  ~ 140 MeV

hard scales [at best Λχ = 4πFπ ~ 1 GeV] Manohar, Georgi ʼ84

Tool: Feynman calculus using the effective chiral Lagrangian 

Weinberg, Gasser, Leutwyler, Meißner, ... 
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(3)
[π]N + . . .

L(2)

πN =
�

i

ci
�
N̄Ô
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.
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phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
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can be drawn for the LECs ē14 and ē17. These are the only
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constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
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respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
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ēi coefficients are comparable to the ones found in Ref. [45]
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keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
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employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
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Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower
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parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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 Chiral Perturbation Theory
Improving the convergence of ChPT:

Covariant formulations (no 1/mN-expansion)

For ChPT to be useful, (renormalized) LECs must be natural, i.e. ∼ αi/Λ
n
χ, αi = O(1)

Leff = Lπ + LπN

ci, di, . . .
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3S1 (0.42 . . . 0.72) 0.66

Cres
�1 −(0.36 . . . 0.47) −0.41

LEC Fit value Fit value

g1 1.37± 0.30 2.27 (fixed)

b3 [GeV−1] 1.76± 0.95 1.79± 1.23

b4 [GeV−1] 0.14± 0.39 −0.67± 0.54

b5 [GeV−1] 4.21± 0.47 5.10± 0.66
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�3 +Q4 −0.95 1.90 −1.78 1.50 2.40 −3.87 1.21 −5.25 −0.24 −6.35 2.34 −0.39 2.81

∆-contribution 0 2.81 −2.81 1.40 2.39 −2.39 0 −4.77 1.87 −4.15 4.15 −0.17 1.32

γp0(0) = 4.45µ−2 − 8.31µ−1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10−4 fm4]

µ ≡ Mπ/mN

c∆2 = −c∆3 = 2c∆4 =
4h2A

9(m∆ −mn)
� 2.8GeV−1

1

LECs contain information about 
short-range physics such as the Δ:

low
energy

Krebs, Gasparyan, EE, to appear

Bernard, Kaiser, Meißner ʼ97
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ci, di, . . .

LEC N2LO fits σ + ρ+ ω

C̃res
1S0 −(0.12 . . . 0.16) −0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 −(0.13 . . . 0.16) −0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 −(0.36 . . . 0.47) −0.41

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18

Q4 −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

�3 +Q4 −0.95 1.90 −1.78 1.50 2.40 −3.87 1.21 −5.25 −0.24 −6.35 2.34 −0.39 2.81

∆-contribution 0 2.81 −2.81 1.40 2.39 −2.39 0 −4.77 1.87 −4.15 4.15 −0.17 1.32

c∆2 = −c∆3 = 2c∆4 =
4h2A

9(m∆ −mn)
� 2.8GeV−2

d̄∆14 − d̄∆15 = −2(d̄∆1 + d̄∆2 ) = 2d̄∆3 =
−2h2A

9(m∆ −mn)2
� −4.8GeV−2

4h2A
9∆

, c3(∆) = −4h2A
9∆

, c4(∆) =
2h2A
9∆

.

Leff = Lπ + LπN

Lπ = L
(2)
π + L

(4)
π + . . .

LπN = L
(1)
πN + L

(2)
πN + L

(3)
πN + . . .

1

LECs from pion-nucleon scattering (HB ChPT) in units of GeV-n

The hope: LECs of a more natural size           better convergence of the EFT expansion...

Krebs, Gasparyan, EE, to appear; similar results found by Fettes, Meißner;  Büttiker, Meißner, ...

Δ-less approach
Δ-full approach
Δ-contribution

c∆i , d∆
i , . . .

�
∂a−1

s /∂Mπ

�

Mphys
π

�
∂a−1

t /∂Mπ

�

Mphys
π

Λ → ∞
�����

�
0.771(14)

∂a−1
s

∂Mπ

����
Mphys

π

+ 0.934(11)
∂a−1

t

∂Mπ

����
Mphys

π

− 0.069(6)
�δmq

mq

����� < 0.0015

��
(23 + 32)2 − 168 − 1

�2

(1)

a+ = (7.6 ± 3.1) × 10−3M−1
π (2)

a− = (86.1 ± 0.9) × 10−3M−1
π (3)

m∆ − mN ∼ Mπ (4)

V static
3N =

22�

i=1

Gi(�σ1, �σ2, �σ3, τ 1, τ 2, τ 3,�r12,�r23) Fi(r12, r23, r31) + permutations

(5)

c∆3 = −2c∆4 = −
4h2

A

9(m∆ − mN)
� −2.7 GeV−1 (6)

Q ∼ Mπ (7)

∼ 1
m∆−mN

(8)

∼ 1
(m∆−mN )2

, . . . (9)

∼ 1
m∆−mN

, 1
(m∆−mN )2

, . . . (10)

V3N =
22�

i=1

Gi Fi(r12, r23, r31) + perm. (11)

1
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Heavy-baryon ChPT, explicit Δ
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Chiral EFT for nuclei
4He 8Be 12C 16O
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Pionless EFT (valid for                              )
�
mNEB � Q � Mπ (1)

In the KSW approach the scattering amplitude is calculated as an expan-

sion in small parameter

A = A−1 +A0 +A1 + · · · . (2)

Below we give the expressions of the perturbative amplitudes up to NLO.

They coincide with the corresponding results of the KSW approach up to

(small) higher order corrections.

The leading order amplitude has the form

A−1 =
−C

1− C I(p)
=
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, (3)
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− γ − ln(4π). (4)

with n - the number of space-time dimensions and µ the scale parameter.

In Eq. (??) renormalization is performed by subtracting the loop integral at

p2 = −ν2 with the result

IR(p, ν) = I(p)− I(i ν) = −m(ν + i p)

4π
+O(p2, ν2

). (5)

The NLO correction to the amplitude consists of five contributions. First

we give the result of the two diagrams with NLO contact interaction vertex
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. (6)

1

- zero-range forces between nucleons
- for 2N equivalent to Effective Range Theory 
- universality, Efimov physics, cold gases, halos,...
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Weinberg, van Kolck, EE, Glöckle, Meißner, Machleidt, Entem...

- Schrödinger equation for nucleons
  interacting via contact forces and 
  long-range potentials (pion exchanges)
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�∇2
i

2mN
+O(m−3

N )
�
+ V2N + V3N + V4N + . . .

�
|Ψ� = E|Ψ�

1

derived in ChPT

- access to heavier nuclei (ab initio few-/many-body methods) 
talks by Petr Navratil and Robert Roth
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

(numbers from Pudliner et al. PRL 74 (95) 4396)



 
Regularization, renormalization and all that...
Kaplan, Savage, Wise, Fleming, Mehen, Stewart, Phillips, Beane, Cohen, Frederico, Timoteo, Tomio, Birse, Beane, Bedaque, 
van Kolck, Pavon Valderrama, Ruiz Arriola, Nogga, Timmermanns, EE, Meißner, Entem, Machleidt, Yang, Elster, Long, Gegelia, ... 

Problem in essence: static OPEP has a singular short-distance tensor part ~ 1/r3 

Lippmann-Schwinger eq. is linearly divergent, need infini-
tely many CTs to absorb UV divergences from iterations!
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see also talks by Jambul Gegelia and Varese Timoteo
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see also talks by Jambul Gegelia and Varese Timoteo

Solve the LS equation nonperturbatively and take              :  doesnʻt correspond to 
an EFT, fails to describe the data...  EE, Gegelia ʼ09;  Zeoli, Machleidt, Entem ʻ12

Donʻt iterate [KSW]: seems not to converge in low S=1 waves...  Fleming, Mehen, Stewart ʼ00

Λ → ∞

��
(23 + 32)2 − 168− 1

�2

(1)

a+ = (7.6± 3.1)× 10−3M−1
π (2)
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m∆ −mN ∼ Mπ (4)
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3N =

22�
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, . . . (9)
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π
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1

Use a finite UV cutoff a la Lepage (standard approach): simple, good description of 
data at N3LO [EGM, EM], well suited for few-/many-body calculations but Λ-sensitivity...  

Donʻt do 1/mN expansion: 3d equations fulfilling relativistic elastic unitarity (e.g. 
Kadyshevsky eq.), renormalizable at LO (only Log-divergent), higher orders  to be 
treated perturbatively...  EE, Gegeliaʼ12;  related work by Pavon Valderrama, Long, Yang, ...   

Attempted solutions:



 Nucleon-nucleon potential at N3LO
van Kolck et al.ʼ94; Friar & Coon ʼ94; Kaiser et al. ʼ97; E.E. et al. ʼ98,ʻ03; Kaiser ʼ99-ʼ01; Higa, Robilotta ʼ03; …
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np cross section @ 50 MeV

Entem-Machleidt,  EE-Glöckle-Meißner

Long-range: parameter-free (all LECs from πN)
Short-range part: 24 LECs tuned to NN data
Accurate description of NN data up to ~ 200 MeV

Recent reviews:
    EE, Prog. Part Nucl. Phys. 57 (06) 654;  
    EE, Hammer, Meißner, Rev. Mod. Phys. 81 (09) 1773; 
    Entem, Machleidt, Phys. Rept. 503 (11) 1;  
    EE, Meißner, Ann. Rev. Nucl. Part. Sci. 62 (12) 159. 
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Figure 2: Neutron-proton phase shifts and mixing angles calculated using N3LO χEFT potentials of
Ref. [10] (shaded bands) and Ref. [9] (dashed lines) in comparison with the Nijmegen [11] (filled circles)
and SAID [12] (open triangles) partial wave analyses. Also shown are leading-order cutoff-independent
results of Ref. [13] (dotted lines).

The most interesting part of the novel chiral NN force is two-pion (2π-) exchange which con-
stitutes the second-longest contribution to the NN potential and, therefore, has significant impact
on the energy dependence of the scattering amplitude. Indeed, its evidence has been confirmed
in the partial wave analysis of the Nijmegen group [14], see also [15]. In agreement with expec-
tations based on phenomenological studies, one observes a very strong attractive isoscalar central
potential. This by far the strongest 2π-exchange contribution emerges, however, only at next-to-
next-to-leading order (N2LO) as a correction to the nominally dominant 2π-exchange potential at
next-to-leading order (NLO). This peculiar pattern is well understood and can be traced back to
the intermediate excitation of the ∆(1232) isobar at one of the nucleons which gives rise to a very
strong attractive isoscalar central NN force [8, 16, 17]. In the standard formulation of χEFT based
on pions and nucleons as the only explicit DOFs, all effects of the ∆ (and heavier resonances as
well as heavy mesons) are hidden in the (renormalized) values of (some of the) LECs starting from
the subleading effective Lagrangian. As a consequence, the phenomenologically important 2π-
exchange mechanism driven by the ∆ excitation appears only at subleading order from diagrams
involving one insertion of the subleading pion-nucleon vertex. The values of the corresponding
LECs c3,4 are, to a large extent, driven by the ∆ isobar [18] and turn out to be rather large in magni-
tude. It is possible to improve the convergence of the EFT expansion by treating the ∆-isobar as an
explicit DOF in the effective Lagrangian and counting m∆ −mN ∼ Mπ = O(Q) [19], see also [20]
for an alternative counting scheme. In such a ∆-full theory, the major part of the strong attractive
2π-exchange potential is shifted from N2LO to NLO, while the LECs c3,4 take more natural values
[17].

Having developed χEFT for the NN system, it is natural to address the question of the light
quark-mass- (mq-) dependence of the nuclear force and observables such as e.g. the deuteron bind-

4

 
Entem, Machleidt ʼ04;  EE, Glöckle, Meißner ʼ05; EE, Gegelia ʼ12

Neutron-proton phase shifts

N3LO, EGM
N3LO, EM
LO, Λ ➙ ∞



  
Quark mass dependence
Beane, Savage ʻ02,ʼ03;  EE, Glöckle, Meißner ʼ03;  J. Donoghue ʼ06;  Chen, Lee, Liu, Liu ʼ10;  Soto, Tarrus ʼ12;
Berengut, EE, Flambaum, Hanhart, Meißner, Nebreda, Pelaez ʼ13, ... 
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FIG. 4. The deuteron binding energy as a function of the pion mass (from the physical value to
the chiral limit). We do not show values below mπ = 60 MeV since the deuteron can be both bound
and unbound. The shaded region corresponds to η = 1/5, −2.61 GeV−2 < d16 < −0.17 GeV−2,

and −1.54 GeV−2 < d18 < −0.51 GeV−2.

FIG. 5. The scattering length in the 3S1-channel as a function of the pion mass for
d16 = +1 GeV−2, η = 1/3 and d18 = −0.51 GeV−2.
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Figure 1: Deuteron binding energy as a function of the pion mass. The shaded
areas correspond to the allowed values. The light shaded band refers to the variation
of D̄3S1

using η3S1
= 1/4.3 and d̄16 = −1.23 GeV−2, d̄18 = −0.97 GeV−2. The dark

shaded band gives the uncertainty if, in addition to variation of D̄3S1
, the LEC d̄16

is varied in the range from d̄16 = −0.17 GeV−2 to d̄16 = −2.61 GeV−2. The heavy
dot shows the binding energy for the physical value of the pion mass.

where αI and βI are the known constants and Λ refers to the renormalization scale.#7 This
indicates that the Mπ–dependence of the leading TPE is as important as the Mπ–dependence
of the short–range terms in eq. (4). It is, therefore, not clear, why the authors of [3], [5] decided
to neglect the explicit Mπ–dependence of the TPE as well as the second term in eq. (4) and to
keep only the first term in that equation.

6) The authors of [5] claim to be able to reproduce our results using the same input parameters. As
we just showed with respect to the discussion of their Fig. 4, we are not able to reproduce theirs.
In particular, we obtain for the deuteron binding energy in the chiral limit: BCL

D = 9.6+4.4
−3.2

+5.7
−2.4

MeV, where the uncertainties for D̄3S1
(the first error) and d̄16 (the second error) are taken

from [5] or are even slightly larger, i.e.: η3S1
= 1/4.3; −2.61GeV−2 < d̄16 < −0.17GeV−2.

As already pointed out, we do not consider a variation in d̄18 as relevant here, and, therefore,
have not plotted the corresponding bands in Fig. 1. For the sake of completeness, we however
calculated the resulting additional uncertainty in the chiral limit value of the deuteron binding
energy. Note that the LEC d̄18 does not contribute to the OPE in the chiral limit (where the
Goldberger-Treiman relation is exact) and thus changing d̄18 only affects BCL

D indirectly, due
to corresponding small changes in the LECs related to contact interactions, as explained in
[1]. Variation of d̄18 in the range −1.54GeV−2 < d̄18 < −0.51GeV−2 in addition to variation of

#7Similar terms also arise from renormalization of the short–range interactions by pion loops.

4

EE, Meißner ʼ03

Beane, Savage ʼ03

Chiral extrapolations of the deuteron BE at NLO

In principle straightforward, but large uncertainties due to poorely known Mπ -dependence 
of short-range contact interactions



 
Use ChPT combined with lattice-QCD data to constrain the Mπ-dependence of the 
nucleon mass and long-range part of the force

Mπ-dependence of contact interactions from resonance saturation 
[EE, Meißner, Glöckle, Elster ʼ02 ] + unitarized ChPT + lattice-QCD

Quark mass dependence of the NN force 
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FIG. 2: Quark mass dependence of gA at various orders in the chiral expansion. Also shown is the

lowest mass lattice point from Ref. [24]. The hatched band corresponds to the variation of d̄16 in

the range d̄16 = −0.91 . . . − 2.61 GeV−2, see Ref.[26]. The light shaded band results from a 10%

variation of the lattice point used to fix the order-Q4 counter term in Eq. (3.5).

leading (i.e. order O(M2
π)) correction to its value at the chiral limit and adopting the value

for the low-energy constant d̄16 = −1.76 GeV−2 obtained from the reaction πN → ππN

[26] leads to a very strong quark-mass dependence of gA near the physical point. On the

other hand, lattice QCD calculations indicate that the behavior of gA with Mπ is rather

flat. As discussed in Ref. [25], such a flat behavior of gA consistent with the lowest-mass

lattice data point from Ref. [24] corresponding to Mπ = 353 MeV 3 can, in principle, be

achieved at the two-loop level. In order to provide an accurate representation of the quark

mass dependence of the 1π-exchange potential, we use in the present study the complete

order-Q3 result accompanied by an order-Q4 counterterm which is adjusted to reproduce

the lowest-mass lattice data from Ref. [25]:

gA = g0

�
1 +

�
4

g0
d̄16 −

1

(4πF )2

�
g20 +

�
2 + 4g20

�
ln

Mπ

M̄π

��
M2

π

3 We emphasize, however, that the heavy-baryon version of chiral perturbation theory is unlikely to converge

at such pion masses.

Chiral extrapolations of gA

Berengut, EE, Flambaum, Hanhart, Meißner, Nebreda, Pelaez ’13

LEC N2LO fits σ + ρ+ ω
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based on the Bonn B potential
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Figure 3: Quark mass dependence of the deuteron binding energy (left panel), and inverse 1S0/3S1 neutron-
proton scattering lengths (middle/right pannel). Shaded bands correspond to the N2LO analysis of Ref. [28]
as explained in the text. Also shown are leading-order cutoff-independent results of Refs. [13, 29].

ing energy E2H and S-wave scattering lengths a1S0, a3S1. This is not only of considerable interest
for ongoing and upcoming lattice-QCD calculations, but also for searches of a possible spatial
and temporal variation of fundamental constants in nature [21] and questions related to anthropic
considerations, see also section 4. The mq-dependence of NN S-wave phase shifts and E2H was
analyzed at NLO in Ref. [22], see also Ref. [23] for a calculation using the power counting scheme
of Ref. [24], which relies on a perturbative treatment of 1π-exchange, and more recent related
studies [25, 26]. The common problem in all these calculations is the lack of knowledge about
the mq-dependence of NN contact interactions. Estimating the size of the corresponding LECs by
means of dimensional analysis leads to a very large uncertainty for chiral extrapolations of E2H,
a1S0 and a3S1. In addition, there are indications that the chiral expansion of the short-range part of
the NN force might converge slowly in the heavy-baryon approach due to the appearance of the
momentum scale

√
MπmN associated with radiative pions [27]. To overcome these difficulties, the

recent N2LO analysis of Ref. [28] made use of the fact that the LECs accompanying NN contact
interactions are saturated by heavy-meson exchanges [30, 31]. Using a unitarized version of ChPT
in combination with lattice-QCD results to describe the mq-dependence of meson resonances sat-
urating these LECs, the mq-dependence of NN observables was analyzed at N2LO without relying
on the chiral expansion of the short-range NN force, see Fig. 3. This allowed us to considerably
reduce the theoretical uncertainty as compared to the earlier calculations. Extending these results to
light nuclei and comparing observed and calculated primordial deuterium and helium abundances
yields a stringent limit on a variation of the light quark mass, δmq/mq = 0.2± 0.04, see also the
related earlier calculation in Ref. [21]. While the calculated chiral extrapolations for E2H are con-
sistent with our earlier analysis in [22] as well as with the recent phenomenological calculation of
Ref. [32], unquenched lattice-QCD results of the NPLQCD Collaboration [33] seem to indicate an
opposite trend with a stronger-bound deuteron at large values of mq. It is not clear at this stage
whether there is any contradiction since the lattice results are so far only available at rather large
pion masses with Mπ > 353.7 MeV, see [1]. Using the available lattice data in conjunction with the
(presumably unrealistic) assumptions of (i) perturbativeness of the 1π-exchange potential in the
3S1-3D1 channel and (ii) validity of the chiral expansion for NN scattering at such large values of
Mπ leads to a qualitatively different dependence of E2H on mq [25, 26].
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−0.039

Kπ
Hoyle
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−3.4

Kq
X =

mq

X

∂X

∂mq

�����
mphys

q
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�δmq

mq

����� < 0.0015

mq

Āt
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Figure 3: Quark mass dependence of the deuteron binding energy (left panel), and inverse 1S0/3S1 neutron-
proton scattering lengths (middle/right pannel). Shaded bands correspond to the N2LO analysis of Ref. [28]
as explained in the text. Also shown are leading-order cutoff-independent results of Refs. [13, 29].

ing energy E2H and S-wave scattering lengths a1S0, a3S1. This is not only of considerable interest
for ongoing and upcoming lattice-QCD calculations, but also for searches of a possible spatial
and temporal variation of fundamental constants in nature [21] and questions related to anthropic
considerations, see also section 4. The mq-dependence of NN S-wave phase shifts and E2H was
analyzed at NLO in Ref. [22], see also Ref. [23] for a calculation using the power counting scheme
of Ref. [24], which relies on a perturbative treatment of 1π-exchange, and more recent related
studies [25, 26]. The common problem in all these calculations is the lack of knowledge about
the mq-dependence of NN contact interactions. Estimating the size of the corresponding LECs by
means of dimensional analysis leads to a very large uncertainty for chiral extrapolations of E2H,
a1S0 and a3S1. In addition, there are indications that the chiral expansion of the short-range part of
the NN force might converge slowly in the heavy-baryon approach due to the appearance of the
momentum scale

√
MπmN associated with radiative pions [27]. To overcome these difficulties, the

recent N2LO analysis of Ref. [28] made use of the fact that the LECs accompanying NN contact
interactions are saturated by heavy-meson exchanges [30, 31]. Using a unitarized version of ChPT
in combination with lattice-QCD results to describe the mq-dependence of meson resonances sat-
urating these LECs, the mq-dependence of NN observables was analyzed at N2LO without relying
on the chiral expansion of the short-range NN force, see Fig. 3. This allowed us to considerably
reduce the theoretical uncertainty as compared to the earlier calculations. Extending these results to
light nuclei and comparing observed and calculated primordial deuterium and helium abundances
yields a stringent limit on a variation of the light quark mass, δmq/mq = 0.2± 0.04, see also the
related earlier calculation in Ref. [21]. While the calculated chiral extrapolations for E2H are con-
sistent with our earlier analysis in [22] as well as with the recent phenomenological calculation of
Ref. [32], unquenched lattice-QCD results of the NPLQCD Collaboration [33] seem to indicate an
opposite trend with a stronger-bound deuteron at large values of mq. It is not clear at this stage
whether there is any contradiction since the lattice results are so far only available at rather large
pion masses with Mπ > 353.7 MeV, see [1]. Using the available lattice data in conjunction with the
(presumably unrealistic) assumptions of (i) perturbativeness of the 1π-exchange potential in the
3S1-3D1 channel and (ii) validity of the chiral expansion for NN scattering at such large values of
Mπ leads to a qualitatively different dependence of E2H on mq [25, 26].
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light nuclei and comparing observed and calculated primordial deuterium and helium abundances
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related earlier calculation in Ref. [21]. While the calculated chiral extrapolations for E2H are con-
sistent with our earlier analysis in [22] as well as with the recent phenomenological calculation of
Ref. [32], unquenched lattice-QCD results of the NPLQCD Collaboration [33] seem to indicate an
opposite trend with a stronger-bound deuteron at large values of mq. It is not clear at this stage
whether there is any contradiction since the lattice results are so far only available at rather large
pion masses with Mπ > 353.7 MeV, see [1]. Using the available lattice data in conjunction with the
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analyzed at NLO in Ref. [22], see also Ref. [23] for a calculation using the power counting scheme
of Ref. [24], which relies on a perturbative treatment of 1π-exchange, and more recent related
studies [25, 26]. The common problem in all these calculations is the lack of knowledge about
the mq-dependence of NN contact interactions. Estimating the size of the corresponding LECs by
means of dimensional analysis leads to a very large uncertainty for chiral extrapolations of E2H,
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the NN force might converge slowly in the heavy-baryon approach due to the appearance of the
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interactions are saturated by heavy-meson exchanges [30, 31]. Using a unitarized version of ChPT
in combination with lattice-QCD results to describe the mq-dependence of meson resonances sat-
urating these LECs, the mq-dependence of NN observables was analyzed at N2LO without relying
on the chiral expansion of the short-range NN force, see Fig. 3. This allowed us to considerably
reduce the theoretical uncertainty as compared to the earlier calculations. Extending these results to
light nuclei and comparing observed and calculated primordial deuterium and helium abundances
yields a stringent limit on a variation of the light quark mass, δmq/mq = 0.2± 0.04, see also the
related earlier calculation in Ref. [21]. While the calculated chiral extrapolations for E2H are con-
sistent with our earlier analysis in [22] as well as with the recent phenomenological calculation of
Ref. [32], unquenched lattice-QCD results of the NPLQCD Collaboration [33] seem to indicate an
opposite trend with a stronger-bound deuteron at large values of mq. It is not clear at this stage
whether there is any contradiction since the lattice results are so far only available at rather large
pion masses with Mπ > 353.7 MeV, see [1]. Using the available lattice data in conjunction with the
(presumably unrealistic) assumptions of (i) perturbativeness of the 1π-exchange potential in the
3S1-3D1 channel and (ii) validity of the chiral expansion for NN scattering at such large values of
Mπ leads to a qualitatively different dependence of E2H on mq [25, 26].

5

Deuteron binding energy Inverse nucleon-nucleon S-wave scattering lengths

E  [MeV] 1/a1S0  [fm-1] 1/a3S1  [fm-1]
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−3.4

Kq
X =

mq

X

∂X

∂mq

�����
mphys

q
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Quark mass dependence of the NN force 

0 0.5 1 1.5 2

-6

-4

-2

0

2

mq / mq0

E 
(M

eV
)

AV28
AV14
AV18

2H

1S

Fig.1 (Flambaum & Wiringa)

FIG. 1: (Color online) Variation of two-nucleon energies with current-quark mass variation from

DSE calculation: full calculation (solid lines) and with OPE modification only (dashed lines)

for three different Argonne Hamiltonians. Virtual bound state energies are plotted as positive

quantities; mq0 is the physical current-quark mass.
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 Some ongoing developments

Up to N2LO, the long-range NN force is local          use local regulators + local contact 
operator basis to construct local chiral potentials (useful e.g. for QMC)

...and the role of the chiral two-pion exchange potential

It is possible to tune parameters (Λ, ci, functional form of the regulator) to improve the 
description of the data (especially at higher Elab).  Justified from an EFT point of view?

Gezerlis, Tews, EE, Gandolfi, Hebeler, Nogga, Schwenk ʼ13

Ekström, Baardsen, et al. ʼ13

Generalization to the SU(3) sector Talks by Johann Haidenbauer and Andreas Nogga

Nuclear parity violation Talk by Matthias Schindler

Local nuclear forces

Merging chiral EFT with dispersion relations s
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Fig. 1. Cuts of the partial wave NN amplitude in the complex s-plane. The first,
second and third left-hand cuts start at s = 4m2

N − (nMπ)2, n = 1, 2, 3. The first
and second right-hand cuts due to inelastic channels start at the one- and two-pion
production thresholds s = (2mN + nMπ)2 with n = 1, 2. Further, µM denotes the
matching point as explained in the text.

corresponding to the deuteron bound state in the 3S1−3D1 channel, there are

right- and left-hand cuts as shown in Fig. 1. The right-hand cuts correspond to

intermediate states in the s-channel and start from the two-nucleon threshold,

s = 4m2
N .

The discontinuity of the amplitude across this cut is determined by the uni-

tarity condition

∆T (s) ≡ 1

2 i
(T (s+ i�)− T (s− i�)) = T (s+ i�) ρ(s)T (s− i�) + . . . , (1)

where the dots stand for inelastic channel contributions which start at the

pion production threshold, s = (2mN +Mπ)
2. The phase-space function ρ(s)

and the amplitude T (s) in Eq. (1) turn into 2 × 2 matrices for the coupled

partial waves.

It is advantageous to discriminate between the two sources of branch cuts in

the scattering amplitudes. The so-called generalized potential U(s) collects

all contributions emerging from the left-hand cuts only. Given the generalized

potential, the full scattering amplitudes may be reconstructed in terms of the

non-linear integral equation

T (s ) = U(s ) +
� ∞

4m2
N

ds�

π

s− µ2
M

s� − µ2
M

T (s) ρ(s�)T ∗(s�)

s� − s− i�
. (2)

Obviously, the solution of this equation recovers the right-hand cut in agree-

ment with the elastic unitarity constraints. Since we neglect the contributions

from inelastic channels in Eq. (1), U(s) is well-defined only up to some s = Λs

below which the inelastic contributions are small. We choose this value to

correspond to the two-pion production threshold Λs = (2mN + 2Mπ)
2. The

dependence of our results on a particular choice of Λs will turn out to be

rather weak, see section 4. At the matching point s = µ2
M , the scattering

amplitude T (s) per construction equals the generalized potential U(s). We

3

Calculate the discontinuity of the amplitude along 
the left-hand cut using ChPT 
Reconstruct the amplitude in the physical region 
using dispersion relations + analytic cont. (conformal mapping)

Partial wave analysis

N2LO: tuning the interaction to improve the χ2

Albaladejo, Oller ʼ11,ʼ12; Gasparyan, EE, Lutz ʼ12;  Guo, Oller, Rios ʼ13

Talk by Navarro Perez



 

The three-nucleon force

Kalantar-Nayestanaki, EE, Messchendorp, Nogga, Rev. Mod. Phys. 75 (2012) 016301
Kistryn, Stephan, J. Phys. G: Nucl. Part. Phys. 40 (2013) 063101

Todayʻs few- & many-body calculations have reached the 
level of accuracy at which it is necessary to include 3NFs 

Inspite of decades of efforts, the structure of the 3NF is 
still poorely understood 

n

p

n

r12

r31

r23



 Chiral 3NF & nd elastic scattering

The 3NF starts to contribute at N2LO

The LECs D,E can be fixed e.g. from 3H BE 
and nd doublet scattering length 

N2LO

D Eci

leading chiral three-nucleon force

Nd elastic cross sections 
at low energies

NLO

Nd breakup at Ed=130 MeVE. STEPHAN et al. PHYSICAL REVIEW C 82, 014003 (2010)
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FIG. 9. (Color online) Examples of vector analyzing power
distributions obtained for geometries with central values of angles
as shown in the panels. Error bars show statistical uncertainties
alone. Experimental data are compared to bands representing results
of ChPT calculations at N2LO (green, light gray) and N3LO (orange,
dark gray).
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FIG. 11. (Color online) Examples of tensor analyzing power
distributions for the geometries where description of the data by
theoretical calculations is not perfect. Meaning of the bands as in
Fig. 9.
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FIG. 10. (Color online) The same data as in Fig. 9 but compared
to calculations with realistic potentials without (cyan, light gray)
and with (magenta, dark gray) TM99 3N force. The results of the
coupled-channels calculations with the explicit ! excitation, with
and without Coulomb interaction, are shown as solid and dashed
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 Chiral 3NF and 4N scattering 
p-3He differential cross section Ay-puzzle in p-3He elastic scattering
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Fig. 5. p − 3He differential cross sections calculated with the I-N3LO (blue dashed line), the I-N3LO/N-N2LO (blue solid line), and
the AV18/UIX (thin green solid line) interaction models for three different incident proton energies. The experimental data are from
Refs. [34,35,36].
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LECs D,E tuned to the 3H and 4He binding energies, figure from Viviani et al., arXiv:1004.1306

To summarize:
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FIG. 19 The proton-to-proton (left panel) and proton-to-

deuteron (right panel) polarization transfer coefficients in

d(�p, �p )d and d(�p, �d )p reactions at Elab
p = 22.7. Light (dark)

shaded bands depict the results at NLO (N
2
LO). Data are

from Refs. (303; 304).
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FIG. 20 Chiral EFT predictions for neutron-deuteron

breakup cross section (in mb MeV
−1

sr
−2

) along the kinemat-

ical locus S. Light-shaded (dark-shaded) bands refer to the

results at NLO (N
2
LO). Left panel: The SST configuration

at EN = 13 MeV. Neutron-deuteron data (open triangles) are

from (305; 306), proton-deuteron data (filled circles) are from

(307). Right panel: The SCRE configuration with α = 56
◦

at EN = 19 MeV (292). Dashed and dashed-dotted lines are

results based on the CD Bonn 2000 2NF (18) combined with

the TM99 3NF (308) and the coupled channel calculation in-

cluding the explicit ∆ and the Coulomb interaction (296),

respectively.

cleons is perpendicular to the beam axis, and the angles
between the nucleons are 120◦. At Elab = 13 MeV, the
proton-deuteron and neutron-deuteron (nd) cross section
data deviate significantly from each other. Theoretical
calculations based on both phenomenological and chiral
nuclear forces have been carried out for the nd case and
are unable to describe the data, see Fig. 20. Moreover,
the Coulomb effect was found to be far too small to ex-

plain the difference between the pd and nd data sets.
Recently, proton-deuteron data for a similar symmetric
constant relative-energy (SCRE) configuration have been
measured in Cologne (292). This geometry is character-
ized by the angle α between the beam axis and the plane
in the CMS spanned by the outgoing nucleons. Similar
to the SST geometry, one observes large deviations be-
tween the theory and the data, in particular for α = 56◦,
see Fig. 20. The included 3NFs have little effect on the
cross section while the effect of the Coulomb interaction
is significant and removes a part of the discrepancy. No-
tice that all above cases correspond to rather low energies
where one expects good convergence of the chiral expan-
sion. Furthermore, contrary to the Ay-puzzle, the cross
sections discussed above are mainly sensitive to the two-
nucleon S-waves without any known fine tuning between
partial waves. First attempts have been made in the
past few years to perform deuteron breakup experiments
at intermediate energies, in particular at EN = 65 MeV
(289), in which a large part of the phase space is covered
at once. Chiral EFT results at N2LO for more than 155
data points were shown to be of a comparable quality
to the ones based on modern phenomenological nuclear
forces.
Recently, first results for the 4N continuum based on

both phenomenological and chiral nuclear forces and in-
cluding the Coulomb interactions have become available,
see (309; 310) for p−3He scattering, (311) for the n−3He,
p−3H and d−d scattering, and (312) for the related ear-
lier work. These studies do not yet include effects of
3NFs but clearly indicate that at least some of the puz-
zles observed in the 3N continuum also persist in the 4N
continuum (such as e.g. the Ay-puzzle in p−3He scatter-
ing (310)). For a promising new approach to describe
scattering states in even heavier systems the reader is
referred to (313).
The properties of certain S-shell and P-shell nuclei

with A ≤ 13 have been analyzed recently based on the
no-core shell model (NCSM), see (281; 282) and (314)
for an overview. In Fig. 21 we show some results from
Ref. (282) for the spectra of 10B, 11B, 12C and 13C. We
emphasize that the LECs D and E entering the N2LO
3NF were determined in these calculations by the triton
binding energy and a global fit to selected properties of
6Li, 10B and 12C. These studies clearly demonstrate that
the chiral 3NF plays an important role in the descrip-
tion of spectra and other properties of light nuclei. The
inclusion of the 3NF allows to considerably improve the
agreement with the data. Further results for light nu-
clei and the dilute neutron matter based on the lattice
formulation of chiral EFT are given in sections II.G and
III.E.

D. The role of the ∆-isobar

The chiral expansion for the long-range part of the
nuclear force discussed in the previous section exhibits a

Nd scattering: accurate description at low energy except 
for Ay (fine tuned) and Space Star breakup configuration

Uncertainty increases with energy  (higher-order 3NF?)

4N continuum: an emerging field...

more results in the talk by Arnas Deltuva
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where we made a change of variable P ′′ = P ′P in the last line. This equation has the form of Eq. (5.39) with

Fi :=
∑

P∈S3







1

36
P−1(Mi) +

1

36
(−1)w(P )P−1(Ni) +

2
∑

j,k=1

1

18
Djk(P )P−1(Li

jk)







. (5.42)

VI. CHIRAL EXPANSION OF THE LONG-RANGE TAIL OF THE 3NF

With these preparations we are now in the position to address the convergence of the chiral expansion for the long-
range tail of the 3NF. It is clear that all arguments of the previous section can also be applied to operators in
coordinate space. Here and in what follows, we use the following basis of 22 operators:

G̃1 = 1 ,

G̃2 = τ 1 · τ 3 ,

G̃3 = !σ1 · !σ3 ,

G̃4 = τ 1 · τ 3 !σ1 · !σ3 ,

G̃5 = τ 2 · τ 3 !σ1 · !σ2 ,

G̃6 = τ 1 · (τ 2 × τ 3)!σ1 · (!σ2 × !σ3) ,

G̃7 = τ 1 · (τ 2 × τ 3)!σ2 · (r̂12 × r̂23) ,

G̃8 = r̂23 · !σ1 r̂23 · !σ3 ,

G̃9 = r̂23 · !σ3 r̂12 · !σ1 ,

G̃10 = r̂23 · !σ1 r̂12 · !σ3 ,

G̃11 = τ 2 · τ 3 r̂23 · !σ1 r̂23 · !σ2 ,

G̃12 = τ 2 · τ 3 r̂23 · !σ1 r̂12 · !σ2 ,

G̃13 = τ 2 · τ 3 r̂12 · !σ1 r̂23 · !σ2 ,

G̃14 = τ 2 · τ 3 r̂12 · !σ1 r̂12 · !σ2 ,

G̃15 = τ 1 · τ 3 r̂13 · !σ1 r̂13 · !σ3 ,

G̃16 = τ 2 · τ 3 r̂12 · !σ2 r̂12 · !σ3 ,

G̃17 = τ 1 · τ 3 r̂23 · !σ1 r̂12 · !σ3 ,

G̃18 = τ 1 · (τ 2 × τ 3)!σ1 · !σ3 !σ2 · (r̂12 × r̂23) ,

G̃19 = τ 1 · (τ 2 × τ 3)!σ3 · r̂23 r̂23 · (!σ1 × !σ2) ,

G̃20 = τ 1 · (τ 2 × τ 3)!σ1 · r̂23 !σ2 · r̂23 !σ3 · (r̂12 × r̂23) ,

G̃21 = τ 1 · (τ 2 × τ 3)!σ1 · r̂13 !σ3 · r̂13 !σ2 · (r̂12 × r̂23) ,

G̃22 = τ 1 · (τ 2 × τ 3)!σ1 · r̂23 !σ3 · r̂12 !σ2 · (r̂12 × r̂23) , (6.43)

where r̂ij ≡ !rij/|!rij| and !rij = !ri −!rj denotes the position of nucleon i with respect to nucleon j. The 3NF is a linear

combination of the operators G̃i with the coefficients given by scalar functions Fi(r12, r23, r31). These functions have
the dimension of energy and can be interpreted as the potential energy between three static nucleons projected onto
the corresponding operator. The profile functions Fi receive contributions from the long-range and the intermediate-
range 3NF topologies and are predicted (at long distances) in terms of the chiral expansion. In order to explore the
convergence, we plot these functions for the equilateral triangle configuration of the nucleons given by the condition

r12 = r23 = r31 = r . (6.44)

Restricting ourselves to this particular configuration allows us to stay with simple one-dimensional plots. We em-
phasize, however, that the conclusions about the convergence of the chiral expansion for the 3NF drawn in this
section apply to this particular configuration. We begin with the longest-range 2π exchange topology. Projecting the
coordinate-space expressions given in section II onto the operators in Eq. (6.43) and evaluating the three-dimensional
integrals in Eqs. (2.8) and (2.13) numerically we compute the corresponding contributions to the profile functions
F (3)(r), F (4)(r) and F (5)(r) at N2LO, N3LO and N4LO, respectively. Our results for the 3NF profile functions

22 independent operators (coord. space) Building blocks: 
τ 1, τ 2, τ 3, �σ1, �σ2, �σ3, �r12, �r23, �r31 (1)
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where we made a change of variable P ′′ = P ′P in the last line. This equation has the form of Eq. (5.39) with

Fi :=
∑

P∈S3







1

36
P−1(Mi) +

1

36
(−1)w(P )P−1(Ni) +

2
∑

j,k=1

1

18
Djk(P )P−1(Li

jk)


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

. (5.42)

VI. CHIRAL EXPANSION OF THE LONG-RANGE TAIL OF THE 3NF

With these preparations we are now in the position to address the convergence of the chiral expansion for the long-
range tail of the 3NF. It is clear that all arguments of the previous section can also be applied to operators in
coordinate space. Here and in what follows, we use the following basis of 22 operators:

G̃1 = 1 ,

G̃2 = τ 1 · τ 3 ,

G̃3 = !σ1 · !σ3 ,

G̃4 = τ 1 · τ 3 !σ1 · !σ3 ,

G̃5 = τ 2 · τ 3 !σ1 · !σ2 ,

G̃6 = τ 1 · (τ 2 × τ 3)!σ1 · (!σ2 × !σ3) ,

G̃7 = τ 1 · (τ 2 × τ 3)!σ2 · (r̂12 × r̂23) ,

G̃8 = r̂23 · !σ1 r̂23 · !σ3 ,

G̃9 = r̂23 · !σ3 r̂12 · !σ1 ,

G̃10 = r̂23 · !σ1 r̂12 · !σ3 ,

G̃11 = τ 2 · τ 3 r̂23 · !σ1 r̂23 · !σ2 ,

G̃12 = τ 2 · τ 3 r̂23 · !σ1 r̂12 · !σ2 ,

G̃13 = τ 2 · τ 3 r̂12 · !σ1 r̂23 · !σ2 ,

G̃14 = τ 2 · τ 3 r̂12 · !σ1 r̂12 · !σ2 ,

G̃15 = τ 1 · τ 3 r̂13 · !σ1 r̂13 · !σ3 ,

G̃16 = τ 2 · τ 3 r̂12 · !σ2 r̂12 · !σ3 ,

G̃17 = τ 1 · τ 3 r̂23 · !σ1 r̂12 · !σ3 ,

G̃18 = τ 1 · (τ 2 × τ 3)!σ1 · !σ3 !σ2 · (r̂12 × r̂23) ,

G̃19 = τ 1 · (τ 2 × τ 3)!σ3 · r̂23 r̂23 · (!σ1 × !σ2) ,

G̃20 = τ 1 · (τ 2 × τ 3)!σ1 · r̂23 !σ2 · r̂23 !σ3 · (r̂12 × r̂23) ,

G̃21 = τ 1 · (τ 2 × τ 3)!σ1 · r̂13 !σ3 · r̂13 !σ2 · (r̂12 × r̂23) ,

G̃22 = τ 1 · (τ 2 × τ 3)!σ1 · r̂23 !σ3 · r̂12 !σ2 · (r̂12 × r̂23) , (6.43)

where r̂ij ≡ !rij/|!rij| and !rij = !ri −!rj denotes the position of nucleon i with respect to nucleon j. The 3NF is a linear

combination of the operators G̃i with the coefficients given by scalar functions Fi(r12, r23, r31). These functions have
the dimension of energy and can be interpreted as the potential energy between three static nucleons projected onto
the corresponding operator. The profile functions Fi receive contributions from the long-range and the intermediate-
range 3NF topologies and are predicted (at long distances) in terms of the chiral expansion. In order to explore the
convergence, we plot these functions for the equilateral triangle configuration of the nucleons given by the condition

r12 = r23 = r31 = r . (6.44)

Restricting ourselves to this particular configuration allows us to stay with simple one-dimensional plots. We em-
phasize, however, that the conclusions about the convergence of the chiral expansion for the 3NF drawn in this
section apply to this particular configuration. We begin with the longest-range 2π exchange topology. Projecting the
coordinate-space expressions given in section II onto the operators in Eq. (6.43) and evaluating the three-dimensional
integrals in Eqs. (2.8) and (2.13) numerically we compute the corresponding contributions to the profile functions
F (3)(r), F (4)(r) and F (5)(r) at N2LO, N3LO and N4LO, respectively. Our results for the 3NF profile functions

22 independent operators (coord. space) Building blocks: 
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where we made a change of variable P ′′ = P ′P in the last line. This equation has the form of Eq. (5.39) with

Fi :=
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VI. CHIRAL EXPANSION OF THE LONG-RANGE TAIL OF THE 3NF

With these preparations we are now in the position to address the convergence of the chiral expansion for the long-
range tail of the 3NF. It is clear that all arguments of the previous section can also be applied to operators in
coordinate space. Here and in what follows, we use the following basis of 22 operators:

G̃1 = 1 ,

G̃2 = τ 1 · τ 3 ,

G̃3 = !σ1 · !σ3 ,

G̃4 = τ 1 · τ 3 !σ1 · !σ3 ,

G̃5 = τ 2 · τ 3 !σ1 · !σ2 ,

G̃6 = τ 1 · (τ 2 × τ 3)!σ1 · (!σ2 × !σ3) ,

G̃7 = τ 1 · (τ 2 × τ 3)!σ2 · (r̂12 × r̂23) ,

G̃8 = r̂23 · !σ1 r̂23 · !σ3 ,

G̃9 = r̂23 · !σ3 r̂12 · !σ1 ,

G̃10 = r̂23 · !σ1 r̂12 · !σ3 ,

G̃11 = τ 2 · τ 3 r̂23 · !σ1 r̂23 · !σ2 ,

G̃12 = τ 2 · τ 3 r̂23 · !σ1 r̂12 · !σ2 ,

G̃13 = τ 2 · τ 3 r̂12 · !σ1 r̂23 · !σ2 ,

G̃14 = τ 2 · τ 3 r̂12 · !σ1 r̂12 · !σ2 ,

G̃15 = τ 1 · τ 3 r̂13 · !σ1 r̂13 · !σ3 ,

G̃16 = τ 2 · τ 3 r̂12 · !σ2 r̂12 · !σ3 ,

G̃17 = τ 1 · τ 3 r̂23 · !σ1 r̂12 · !σ3 ,

G̃18 = τ 1 · (τ 2 × τ 3)!σ1 · !σ3 !σ2 · (r̂12 × r̂23) ,

G̃19 = τ 1 · (τ 2 × τ 3)!σ3 · r̂23 r̂23 · (!σ1 × !σ2) ,

G̃20 = τ 1 · (τ 2 × τ 3)!σ1 · r̂23 !σ2 · r̂23 !σ3 · (r̂12 × r̂23) ,

G̃21 = τ 1 · (τ 2 × τ 3)!σ1 · r̂13 !σ3 · r̂13 !σ2 · (r̂12 × r̂23) ,

G̃22 = τ 1 · (τ 2 × τ 3)!σ1 · r̂23 !σ3 · r̂12 !σ2 · (r̂12 × r̂23) , (6.43)

where r̂ij ≡ !rij/|!rij| and !rij = !ri −!rj denotes the position of nucleon i with respect to nucleon j. The 3NF is a linear

combination of the operators G̃i with the coefficients given by scalar functions Fi(r12, r23, r31). These functions have
the dimension of energy and can be interpreted as the potential energy between three static nucleons projected onto
the corresponding operator. The profile functions Fi receive contributions from the long-range and the intermediate-
range 3NF topologies and are predicted (at long distances) in terms of the chiral expansion. In order to explore the
convergence, we plot these functions for the equilateral triangle configuration of the nucleons given by the condition

r12 = r23 = r31 = r . (6.44)

Restricting ourselves to this particular configuration allows us to stay with simple one-dimensional plots. We em-
phasize, however, that the conclusions about the convergence of the chiral expansion for the 3NF drawn in this
section apply to this particular configuration. We begin with the longest-range 2π exchange topology. Projecting the
coordinate-space expressions given in section II onto the operators in Eq. (6.43) and evaluating the three-dimensional
integrals in Eqs. (2.8) and (2.13) numerically we compute the corresponding contributions to the profile functions
F (3)(r), F (4)(r) and F (5)(r) at N2LO, N3LO and N4LO, respectively. Our results for the 3NF profile functions
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∼ 1
m∆−mN

, 1
(m∆−mN )2

, . . . (14)

1

Constraints: 
− locality,
− isospin symmetry, 
− parity and time-reversal invariance 

V3N =
22�

i=1

Gi Fi(r12, r23, r31) + 5 perm. (1)

τ 1, τ 2, τ 3, �σ1, �σ2, �σ3, �r12, �r23, �r31 (2)

V (0)
2N = − g2A

4F 2
π

τ 1 · τ 2
�σ1 · �q �σ2 · �q
�q 2 +M2

π

+ CS + CT�σ1 · �σ2, (3)

T (�p �, �p)=V (0)
2N (�p �, �p) +

� d3k

(2 π)3
V (0)
2N (�p �,�k)

mN

p2 − k2 + i �
T (�k, �p) (4)

T (�p �, �p)=V (0)
2N (�p �, �p) +

m2
N

2

� d3k

(2 π)3
V (0)
2N (�p �,�k)T (�k, �p)

(k2 +m2
N) (E −

�
k2 +m2

N + i �)
, (5)

��
(23 + 32)2 − 168− 1

�2

(6)

a+ = (7.6± 3.1)× 10−3M−1
π (7)

a− = (86.1± 0.9)× 10−3M−1
π (8)

m∆ −mN ∼ Mπ (9)

V static
3N =

22�

i=1

Gi(�σ1,�σ2,�σ3, τ 1, τ 2, τ 3,�r12,�r23) Fi(r12, r23, r31) + permutations

(10)

c∆3 = −2c∆4 = − 4h2
A

9(m∆ −mN)
� −2.7 GeV−1 (11)

Q ∼ Mπ (12)

∼ 1
m∆−mN

(13)

∼ 1
(m∆−mN )2

, . . . (14)

1

derivable in ChPT; long-range 
terms parameter-free 

predictions

Most general structure of a nonlocal 3NF 
and constraints on Fi from large-Nc also 
worked out. Schat, Phillips ʼ13
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 3N force beyond N2LO
3NF structure functions at large distance are model-

independent, parameter-free predictions based on chiral 
symmetry of QCD + exp. information on πN system
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 3N force beyond N2LO

N2LO contributions (leading 3NF) nowadays included in most few-/many-body calculations
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 3N force beyond N2LO

First corrections (N3LO) 
Ishikawa, Robilotta, PRC76 (07);  Bernard, EE, Krebs, Meißner, PRC77 (08);  PRC84 (11)

parameter-free, rich spin-momentum structure (especially from ring diagrams) 

N2LO contributions (leading 3NF) nowadays included in most few-/many-body calculations
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 3N force beyond N2LO

First corrections (N3LO) 
Ishikawa, Robilotta, PRC76 (07);  Bernard, EE, Krebs, Meißner, PRC77 (08);  PRC84 (11)

parameter-free, rich spin-momentum structure (especially from ring diagrams) 
 intermediate-range contributions not converged (effects of Δ(1232) are missing...)

subleading loop corrections (N4LO) 
in the Δ-less theory

leading loop corrections (N3LO) 
in EFT with explicit Δ

Krebs, Gasparyan, EE ʼ12,ʼ13 Krebs, Gasparyan, EE, to appear

N2LO contributions (leading 3NF) nowadays included in most few-/many-body calculations



 Two-pion exchange 3NF up to N4LO
Krebs, Gasparyan, EE ʼ12

N2LO
largely saturated

by the Δ(1232)
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in progress; contact terms 
at N4LO already worked 
out  Girlanda et al.ʼ12 

Double-Δ excitations even 
more significant for the ring 
topology  talk by Hermann Krebs 

Krebs, Gasparyan, EE, to appear
 N3LO-Δ + N4LO (nucl.)
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Double-Δ excitations even 
more significant for the ring 
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 Calculation strategy 
Eucl.-time propagation of A nucleons        transition amplitude 

ground-state energies                                                

Excited state energies can be obtained from a large-t limit of a correlation matrix
                                             between A-nucleon states       with the proper quantum numb. 
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We use Auxiliary-Field QMC method



 Ground states of 8Be and 12C
E.E., Krebs, Lee, Meißner, PRL 106 (11) 192501 

Simulations for 8Be and 12C, L=11.8 fm

Ground state energies (L=11.8 fm) of 4He, 8Be, 12C & 16O

4He 8Be 12C 16O

LO [Q0], in MeV −28.0(3) −57(2) −96(2) −144(4)
NLO [Q2], in MeV −24.9(5) −47(2) −77(3) −116(6)
NNLO [Q3], in MeV −28.3(6) −55(2) −92(3) −135(6)
Experiment, in MeV −28.30 −56.5 −92.2 −127.6

V2π =
�σ1 · �q1 �σ3 · �q3

[q21 +M2
π ] [q

2
3 +M2

π ]

�
τ 1 · τ 3 A(q2) + τ 1 × τ 3 · τ 2 �q1 × �q3 · �σ2 B(q2)

�

A(3)(q2) =
g2A
8F 4

π

�
(2c3 − 4c1)M

2
π + c3q

2
2

�
, B(3)(q2) =

g2Ac4
8F 4

π

,

A(4)(q2) =
g4A

256πF 6
π

�
A(q2)

�
2M4

π + 5M2
πq

2
2 + 2q42

�
+

�
4g2A + 1

�
M3

π + 2
�
g2A + 1

�
Mπq

2
2

�
,

B(4)(q2) = − g4A
256πF 6

π

�
A(q2)

�
4M2

π + q22
�
+ (2g2A + 1)Mπ

�

A(5)(q2) =
gA

4608π2F 6
π

�
M2

πq
2
2(F

2
π

�
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TABLE III: Lattice results at leading order and experimen-
tal values for the root-mean-square charge radius and the
quadrupole moments for 12C.

LO Experiment

r(0+
1 ) [fm] 2.2(2) 2.47(2) [26]

r(2+
1 ) [fm] 2.2(2) −

Q(2+
1 ) [e fm2] 6(2) 6(3) [27]

r(0+
2 ) [fm] 2.4(2) −

r(2+
2 ) [fm] 2.4(2) −

Q(2+
2 ) [e fm2] −7(2) −

TABLE IV: Lattice results at leading order and experimen-
tal values for electromagnetic transitions involving the even-
parity states of 12C.

LO Experiment

B(E2, 2+
1 → 0+

1 ) [e2 fm4] 5(2) 7.6(4) [29]

B(E2, 2+
1 → 0+

2 ) [e2 fm4] 1.5(7) 2.6(4) [29]

B(E2, 2+
2 → 0+

1 ) [e2 fm4] 2(1) −
B(E2, 2+

2 → 0+
2 ) [e2 fm4] 6(2) −

m(E0, 0+
2 → 0+

1 ) [e fm2] 3(1) 5.5(1) [17]

moments of the two spin-2 states reflects the oblate shape

of the 2
+
1 state and prolate shape of the 2

+
2 state.

The leading order results for the electromagnetic tran-

sitions among the even-parity states of
12

C are shown in

Table IV. The definitions for these quantities can be

found in Ref. [28]. The agreement with available ex-

perimental values is reasonable. The lattice results at

leading order have a tendency to be somewhat smaller

than experimental values. This presumably reflects the

greater binding energies and smaller radii of the nuclei at

leading order. We also predict electromagnetic decays

involving the 2
+
2 state that may be measured experimen-

tally in the near future.

In summary we have presented ab initio lattice cal-

culations which show the structure of the Hoyle state

and find evidence for a low-lying spin-2 rotational ex-

citation. For the ground state and first spin-2 state,

we find mostly a compact triangular configuration of al-

pha clusters. For the Hoyle state and second spin-2

state, we find a bent-arm or obtuse triangular config-

uration of alpha clusters. We have calculated charge

radii, quadrupole moments, and electromagnetic transi-

tions among the low-lying even-parity states of
12

C at

leading order. All of the results are in reasonable agree-

ment with experimental values. More work is still needed

such as calculations using smaller lattice spacings. How-

ever these results provide a deeper understanding of the

structure and rotations of the Hoyle state starting from

first principles.
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Figure 7: Left panel: Lattice results of Ref. [83] for the ener-
gies of low-lying even-parity states of 12C compared to exper-
imental values (in units of MeV). Right panel: “Survivability
bands” of carbon-oxigen based life obtained from lattice sim-
ulations of Ref. [84] as explained in the text.
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The crucial quantity that controls the production rate is the energy ε of the Hoyle state relative to
the triple-alpha threshold which is experimentally known to be ε = 397.47(18) keV. Changing ε
by an amount of ±100 keV results in a strong reduction of the formation of 12C and 16O in the
universe making the emergence of carbon-based life impossible. It is, therefore, very interesting
to investigate how this seemingly fine-tuned quantity depends on the fundamental constants of
nature such as mq. We have studied the sensitivity of ε to variations of mq within nuclear lattice
simulations in Ref. [84]. Fig. 7 shows the survivability bands of carbon-based life under 1% and
5% changes of mq. Here, Ās,t ≡ (∂a−1

1S0,3S1/∂Mπ)Mphys
π

denote the slope of the inverse NN S-wave
scattering lengths as functions of the pion mass. These quantities can, in principle, be computed
in lattice-QCD. The data point in the right panel of Fig. 7 corresponds to the recent N2LO results
of Ref. [28] for chiral extrapolations of a−1

1S0,3S1 shown in Fig. 3. These findings suggest that the
formation of carbon and oxygen in our universe would survive a ∼ 2% change in the light quark
mass.
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Lattice results for low-lying even-parity states of 12C
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tice spacing a = 1.97 fm and total length L = 12 fm. In
the time direction, we use lattice time step at = 1.32 fm
and vary the propagation time Lt to extrapolate to the
limit Lt → ∞. The nucleons are treated as point-like
particles on lattice sites, and interactions due to the ex-
change of pions and multi-nucleon operators are gener-
ated using auxiliary fields. Lattice effective field theory
was originally used to calculate the many-body proper-
ties of homogeneous nuclear and neutron matter [19, 20].
Since then the properties of several atomic nuclei have
been investigated [21, 22]. A recent review of the liter-
ature can be found in Ref. [23].

Euclidean time propagation is used to project on to
low-energy states of our interacting system. Let H be
the Hamiltonian. For any initial quantum state Ψ, the
projection amplitude is defined as the expectation value�
e
−Ht

�
Ψ
. For large Euclidean time t, the exponential

operator e
−Ht enhances the signal of low-energy states.

Energies can be determined from the exponential decay
of these projection amplitudes. The first few time steps
and last few time steps are evaluated using a simpler
Hamiltonian HSU(4) based upon Wigner’s SU(4) symme-
try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coefficients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] −28.0(3) −57(2)

NLO [O(Q2)] −24.9(5) −47(2)

NNLO [O(Q3)] −28.3(6) −55(2)

Experiment −28.30 −56.50
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three different initial states, A,
B, and ∆, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and Λ. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many different initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of ρ4, where ρ
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
∆ and Λ, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three different initial
states, A, B, and ∆, each approaching the ground state

3

FIG. 2: This shows initial state ∆, a wavefunction consisting

of three alpha clusters formed by Gaussian packets centered

on the vertices of a compact triangle. There are a total of 12

equivalent orientations of this configuration.

energy, −96(2) MeV. For initial state A, we start with
four nucleons each at zero momentum, apply creation
operators after the first time step to inject four more
nucleons at rest, and then inject four more nucleons at
rest after the second time step. The reverse process
is used to extract nucleons for final state A. The same
scheme is used for initial state B, though the interactions
in HSU(4) used are not as strongly attractive as those for
A.

For initial state ∆, we use a wavefunction consisting
of three alpha clusters as shown in Fig. 2. The alpha
clusters are formed by Gaussian packets centered on the
vertices of a compact triangle. In order to construct
eigenstates of total momentum and lattice cubic rota-
tions, we consider all possible translations and rotations
of the initial state. There are a total of 12 equivalent
orientations of this configuration. We do not find fast
convergence to the ground state when starting from any
other configuration of alpha clusters. From this we con-
clude that the alpha cluster configurations in Fig. 2 have
the strongest overlap with the 0+

1 ground state of 12C.
The fact that it is an isosceles right triangle rather than
an equilateral triangle is just an artifact of the lattice
spacing.

In Panel II of Fig. 1 we show leading-order energies
for three different initial states, C, D, and Λ, each ap-
proaching an intermediate plateau at −89(2) MeV. If
Euclidean time is taken to infinity, these curves eventu-
ally approach the ground state energy like the curves in
Panel I. However it is clear that a different state is first
being formed which is not the ground state. We identify
the 0+ state in this plateau region as the 0+

2 Hoyle state.
The common thread connecting each of the initial states
C, D, and Λ, is that each produces a state which has an
extended or prolate geometry. This is in contrast to the
oblate triangular configuration in Fig. 2.

For initial state C, we take four nucleons at rest, four
with momenta (2π/L, 2π/L, 2π/L), and four with mo-
menta (−2π/L,−2π/L,−2π/L). For initial state D,
we use a similar configuration with four at rest, four
with momenta (2π/L, 2π/L, 0), and four with momenta
(−2π/L,−2π/L, 0). For initial state Λ, we use a set
three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular con-

FIG. 3: This shows initial state Λ, a wavefunction consisting

of three alpha clusters formed by Gaussian packets centered

on the vertices of a bent-arm or obtuse triangular configura-

tion. There are a total of 24 equivalent orientations of this

configuration.

TABLE II: Lattice results for the low-lying even-parity states

of
12

C compared with the experimental results in units of

MeV.

0
+
1 2

+
1 (E

+
) 0

+
2 2

+
2 (E

+
)

LO [O(Q
0
)] −96(2) −94(2) −89(2) −88(2)

NLO [O(Q
2
)] −77(3) −74(3) −72(3) −70(3)

NNLO [O(Q
3
)] −92(3) −89(3) −85(3) −83(3)

Experiment −92.16 −87.72 −84.51

−82.6(1) [8, 10]

−82.32(6) [11]

−81.1(3) [9]

figuration as shown in Fig. 3. There are a total of 24
equivalent orientations of this configuration. We do not
find the same plateau starting from other configurations
of alpha clusters. We conclude that the configurations
in Fig. 3 have the strongest overlap with the 0+

2 Hoyle
state of 12C.

We use the same multi-channel method developed in
Ref. [13] to find a spin-2 excitation above the ground state
as well as a spin-2 excitation above the Hoyle state. In
both cases we are taking the E

+ representation of the cu-
bic rotation group on the lattice. We show the results for
the binding energies of the low-lying even-parity states of
12C in Table II. We find that the binding energies at
NNLO are in agreement with experimental values.

In Table III we present results at leading order for the
root-mean-square charge radius and quadrupole moment
of the even-parity states of 12C. We also show experi-
mental values where available. In this study we compute
electromagnetic moments only at leading order. We note
that moments such as the charge radius for resonances
above threshold are dependent on boundary conditions
used to regulate the continuum-state asymptotics of the
wavefunction. We avoid this problem because all of the
low-lying states are bound at leading order. One expects
that as the higher-order corrections push the binding en-
ergies closer to the triple alpha threshold, the correspond-
ing radii will increase accordingly. A detailed study of
these resonances as a function of finite volume size will
be investigated in future work. We find good agreement
with the experimental value for the 2+

1 quadrupole mo-
ment. The difference in signs for the electric quadrupole

3

FIG. 2: This shows initial state ∆, a wavefunction consisting

of three alpha clusters formed by Gaussian packets centered

on the vertices of a compact triangle. There are a total of 12

equivalent orientations of this configuration.

energy, −96(2) MeV. For initial state A, we start with
four nucleons each at zero momentum, apply creation
operators after the first time step to inject four more
nucleons at rest, and then inject four more nucleons at
rest after the second time step. The reverse process
is used to extract nucleons for final state A. The same
scheme is used for initial state B, though the interactions
in HSU(4) used are not as strongly attractive as those for
A.

For initial state ∆, we use a wavefunction consisting
of three alpha clusters as shown in Fig. 2. The alpha
clusters are formed by Gaussian packets centered on the
vertices of a compact triangle. In order to construct
eigenstates of total momentum and lattice cubic rota-
tions, we consider all possible translations and rotations
of the initial state. There are a total of 12 equivalent
orientations of this configuration. We do not find fast
convergence to the ground state when starting from any
other configuration of alpha clusters. From this we con-
clude that the alpha cluster configurations in Fig. 2 have
the strongest overlap with the 0+

1 ground state of 12C.
The fact that it is an isosceles right triangle rather than
an equilateral triangle is just an artifact of the lattice
spacing.

In Panel II of Fig. 1 we show leading-order energies
for three different initial states, C, D, and Λ, each ap-
proaching an intermediate plateau at −89(2) MeV. If
Euclidean time is taken to infinity, these curves eventu-
ally approach the ground state energy like the curves in
Panel I. However it is clear that a different state is first
being formed which is not the ground state. We identify
the 0+ state in this plateau region as the 0+

2 Hoyle state.
The common thread connecting each of the initial states
C, D, and Λ, is that each produces a state which has an
extended or prolate geometry. This is in contrast to the
oblate triangular configuration in Fig. 2.

For initial state C, we take four nucleons at rest, four
with momenta (2π/L, 2π/L, 2π/L), and four with mo-
menta (−2π/L,−2π/L,−2π/L). For initial state D,
we use a similar configuration with four at rest, four
with momenta (2π/L, 2π/L, 0), and four with momenta
(−2π/L,−2π/L, 0). For initial state Λ, we use a set
three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular con-

FIG. 3: This shows initial state Λ, a wavefunction consisting

of three alpha clusters formed by Gaussian packets centered

on the vertices of a bent-arm or obtuse triangular configura-

tion. There are a total of 24 equivalent orientations of this

configuration.

TABLE II: Lattice results for the low-lying even-parity states

of
12

C compared with the experimental results in units of

MeV.

0
+
1 2

+
1 (E

+
) 0

+
2 2

+
2 (E

+
)

LO [O(Q
0
)] −96(2) −94(2) −89(2) −88(2)

NLO [O(Q
2
)] −77(3) −74(3) −72(3) −70(3)

NNLO [O(Q
3
)] −92(3) −89(3) −85(3) −83(3)

Experiment −92.16 −87.72 −84.51

−82.6(1) [8, 10]

−82.32(6) [11]

−81.1(3) [9]

figuration as shown in Fig. 3. There are a total of 24
equivalent orientations of this configuration. We do not
find the same plateau starting from other configurations
of alpha clusters. We conclude that the configurations
in Fig. 3 have the strongest overlap with the 0+

2 Hoyle
state of 12C.

We use the same multi-channel method developed in
Ref. [13] to find a spin-2 excitation above the ground state
as well as a spin-2 excitation above the Hoyle state. In
both cases we are taking the E

+ representation of the cu-
bic rotation group on the lattice. We show the results for
the binding energies of the low-lying even-parity states of
12C in Table II. We find that the binding energies at
NNLO are in agreement with experimental values.

In Table III we present results at leading order for the
root-mean-square charge radius and quadrupole moment
of the even-parity states of 12C. We also show experi-
mental values where available. In this study we compute
electromagnetic moments only at leading order. We note
that moments such as the charge radius for resonances
above threshold are dependent on boundary conditions
used to regulate the continuum-state asymptotics of the
wavefunction. We avoid this problem because all of the
low-lying states are bound at leading order. One expects
that as the higher-order corrections push the binding en-
ergies closer to the triple alpha threshold, the correspond-
ing radii will increase accordingly. A detailed study of
these resonances as a function of finite volume size will
be investigated in future work. We find good agreement
with the experimental value for the 2+

1 quadrupole mo-
ment. The difference in signs for the electric quadrupole
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tice spacing a = 1.97 fm and total length L = 12 fm. In
the time direction, we use lattice time step at = 1.32 fm
and vary the propagation time Lt to extrapolate to the
limit Lt → ∞. The nucleons are treated as point-like
particles on lattice sites, and interactions due to the ex-
change of pions and multi-nucleon operators are gener-
ated using auxiliary fields. Lattice effective field theory
was originally used to calculate the many-body proper-
ties of homogeneous nuclear and neutron matter [19, 20].
Since then the properties of several atomic nuclei have
been investigated [21, 22]. A recent review of the liter-
ature can be found in Ref. [23].

Euclidean time propagation is used to project on to
low-energy states of our interacting system. Let H be
the Hamiltonian. For any initial quantum state Ψ, the
projection amplitude is defined as the expectation value�
e
−Ht

�
Ψ
. For large Euclidean time t, the exponential

operator e
−Ht enhances the signal of low-energy states.

Energies can be determined from the exponential decay
of these projection amplitudes. The first few time steps
and last few time steps are evaluated using a simpler
Hamiltonian HSU(4) based upon Wigner’s SU(4) symme-
try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coefficients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] −28.0(3) −57(2)

NLO [O(Q2)] −24.9(5) −47(2)

NNLO [O(Q3)] −28.3(6) −55(2)

Experiment −28.30 −56.50
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three different initial states, A,
B, and ∆, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and Λ. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many different initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of ρ4, where ρ
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
∆ and Λ, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three different initial
states, A, B, and ∆, each approaching the ground state

Probing (α-cluster) structure of the 01+, 02+ states 
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try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coefficients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] −28.0(3) −57(2)

NLO [O(Q2)] −24.9(5) −47(2)
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three different initial states, A,
B, and ∆, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and Λ. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many different initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of ρ4, where ρ
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
∆ and Λ, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three different initial
states, A, B, and ∆, each approaching the ground state
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The triple alpha reaction rate
as a function of the quark mass 

8THE TRIPLE-ALPHA PROCESS

c�ANU

• the 8Be nucleus is instable, long lifetime → 3 alphas must meet

• the Hoyle state sits just above the continuum threshold
→ most of the excited carbon nuclei decay

(about 4 out of 10000 decays produce stable carbon)

• carbon is further turned into oxygen but w/o a resonant condition

⇒a triple wonder !
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Production of 12C in stars depends sensitively on the energy differences: 

Changing     by ~100 keV destroys production of either 12C or 16O

How robust is     with respect to variations of the light quark mass?

Oberhummer, Csoto, Schlattl, Science 289 (2000) 88
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�δmq

mq

����� < 0.0015

mq

Āt

V 3N =
V 2N =

Kπ
E4

= 1.652(25) Ās + 3.401(21) Āt − 0.183(7)+0.029
−0.039

Kπ
E8
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Quark mass dependence of the triple-α reaction rate
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„Survivability bands“ for carbon-oxygen based life 
due to 0.5%, 1%, 5% variation of mq

Quark mass dependence of the triple-α reaction rate
EE, Krebs, Lähde, Lee, Meißner, PRL 110 (2013) 112502;  arXiv:1303.4856 (to appear in EPJA)
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up-to-date chiral EFT 
calculation (N2LO):

Berengut et al., PRD 87 (2013)
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 Summary and outlook
Nuclear chiral dynamics enters precision era:

low-energy NN scattering is accurately described at N3LO
many high-precision few-N studies: pion-N scatt. lengths, Compton scattering, 
pion photoproduction, FFs, radiative/muon capture...

Nuclear lattice simulations:
combining EFT and lattice simulations           access to (light) nuclei 
exciting results for the 12C spectrum, first ab initio calculation of the Hoyle state
Work in progress: heavier systems, volume dependence, reactions ...

impressive progress in ab initio many-body methods, precise nuclear structure 
calculations for light nuclei become reality! 

(higher-order corrections in progress)
The main source of uncertainty is presently due to the 3NF...


