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The problem — The main goal of the present work is to demonstrate a new technique
for solving the bound state problem for the three-body Schrödinger equation [1].

The Schrödinger operator, T + V , contains the kinetic energy part T and the potential
V . The reference space is a separable Hilbert space H0 ≡ L2(R9). Due to the isomorphism
H0

∼= H⊗H⊗H, where H ≡ L2(R3), the kinetic energy part T: D(T ) → H0 can be realized
via the operator sum of −(2mi)

−1∆i for all i = 1, 2, 3, provided the domain D(T ) of T is
a dense subset of H0. The numbers {mi > 0: i = 1, 2, 3} are referred to as masses, the
Laplacian ∆i is in vectors ri ∈ R3, all i = 1, 2, 3.

The reference space H0 implies that the potential V , with its domain of definition D(V ),
is defined on the spatial coordinates only. Moreover, we require that V be the operator
of multiplication by the sum of V (rij), all 1 ≤ i < j ≤ 3, such that D(V ) ⊇ D(T ). The
present requirement allows us to apply the Kato–Rellich theorem to define a self-adjoint
operator T + V on D(T ), provided T is positive definite and self-adjoint. Throughout,
vectors rij = ri − rj for all 1 ≤ i < j ≤ 3. In addition, we restrict ourselves to the cases
when the functions {V (rij) ∈ R: 1 ≤ i < j ≤ 3} fulfill the conditions: (a) V (rij) → 0 as
rij → 0 for 1 ≤ i < j ≤ 3, where rij denotes the absolute value of rij; (b) V (rij) = V (−rij),
1 ≤ i < j ≤ 3, so that V is invariant under Euclidean moves; (c) V (rij) is of class C

∞(R3),
with possible singularities at ri = rj for i ̸= j; (d) the left-hand side of the expression∑

i<j ∂
kV (rij)/∂r

k
ij = 0, for some k = 1, 2, . . ., can be reduced into the equation depending

on only one variable; for example, if V (rij) = bijr
−a
ij , bij ∈ R, a > 0, then condition (d)

obeys the form b12 + ℘kb23 + (℘/c)kb13 = 0, with k = a + 1, a + 2, . . ., which is dependent
on variable ℘ = r12/r23, here c = (1 + ℘2 + 2℘ cos θ)1/2, θ is the angle between unit vectors
r̂12 and r̂23. It appears from the above condition that c can be represented in terms of one
variable, ℘, only.

Under the preceding assumptions, one can prove that there exists a subspace of R9

such that T + V projected onto it is SO(3)–invariant. This is the main statement of the
problem. As an example, we show that for the Coulomb three-body problem, the SO(3)–
invariant terms are just the radial Schrödinger operators in L2(0,∞) with the potential of
the form Aκr

−κ−1, for κ = 0, 1, . . .; the coefficients Aκ ∈ R may be positive (repulsive case)
or negative (attractive case), depending on κ. As a result, the present approach applied
to the Coulomb problem puts on one stage both short-range and long-range potentials. In
particular, condition (d) yields the stability criterion imposed on various mass (and charge)
configurations as that considered by other authors; see [2,3] and the citations therein.

The method — We begin withM = {(t1, t2, t3) ∈ R9: t1+t2 = t3}, the nine-dimensional
manifold containing six independent components. The configuration space of M is SO(3).



Then M is a graph of the additive group (R3; +) on R6. Based on this result one shows that
L2(M) ≡ L2(R6), withM endowed with (Lebesgue) measure. It follows from (a)–(d) thatM
can be represented by the equivalence classes of disjoint subsets {

∪∞
κ=0Mκ+p: p = 0, 1, . . .},

where Mκ = {(r12, r23, r13) ∈ R9: r12 + r23 = r13, Vκ+1 = 0}. For n = 0, 1, . . ., Vn denotes
Gn

zV , where Gn
z = GzGz . . . Gz is applied to V n times, and Gz is the sum of gradients

∇ij along z-axis with respect to rij for all 1 ≤ i < j ≤ 3. As a result, L2(M) is found
to be isomorphic with the equivalence classes (with respect to p = 0, 1, . . .) of the direct
sum of subspaces L2(Mκ+p); the summation is performed over all κ = 0, 1, . . . Elements
Gz, V0, V1, . . ., Vκ form the nilpotent Lie algebra A(Mκ) on Mκ. As a result, one can
construct the associated matrix Lie group L(Mκ) = {eita: a ∈ A(Mκ), t ∈ R} of matrices
by introducing the representation ϱ of A(Mκ) on gl(Mκ). Provided Π: L(Mκ) → GL(Mκ)
is a representation of L(Mκ) on GL(Mκ), one finally derives the expression Π(eia) = eiϱ(a),
all a ∈ A, which is, by default, applied to all φ ∈ C∞(R6). The space C∞(R6) is dense in
L2(R6), and thus one can extend the above expression to the whole L2(M). One derives the
equivalence class {

⊕∞
κ=0Dκ+p

∼= D(T ): p = 0, 1, . . .}, with Ds = {φ ∈ D0,s: Gφ = 0} for
all s = κ, κ + 1, . . . Here D0,s is the domain of T + Vs in L2(Ms). Recalling that D(T + V )
is a dense subset of H0, and that L2(M) is a direct sum of L2(Ms), one deduces that the
spectrum of T + V is given by

∑∞
κ=0 infp{spec(Hκ)}, where Hκ = (T + Vκ) ↾ Dκ, and the

infimum is taken over all p = 0, 1, . . . so that the element from {Vκ+p+1 = 0: p = 0, 1, . . .}
yields the minimal values in the spectrum spec(Hκ) for a given κ = 0, 1, . . . To this end,
the operator Hκ can be represented in three equivalent forms, eg Hκ = H0

κ + γ(∇12 · ∇23),
where γ = m−1

2 and H0
κ = T1 + T2 + Vκ, where T1 = −α∆12, T2 = −β∆23; parameters

α = (2m2)
−1 + (2m3)

−1 and β = (2m1)
−1 + (2m2)

−1. By [4], inf spec(Hκ) = inf spec(H0
κ)

which means that the cross-term does not influence the ground state of Hκ.
Coulomb case — The application of the present method to the Coulomb three-body

problem yields the discrete spectrum of H0
κ, with κ = 0,

specd(H
0
0 ) =

{
−1

4

(
Z1(Z2 + Z3)

n1

√
α

+
Z2Z3

n2

√
β

)2

:
1

2
≤ n1

n2

√
α

β
≤ 1

}
(1)

(ni = li+1, li+2, . . . ; i = 1, 2), where specd(H
0
0 ) also obeys an equivalent representation for

(n1/n2)
√
α/β > 1. The condition (d) infers Z1Z2 + (n1/n2)

√
α/βZ2Z3 + Z1Z3 < 0. The

numbers {Zi ∈ R: i = 1, 2, 3} are referred to as charges; these are also imposed under certain
restrictions following from (d). It follows from (1) that the ground state inf specd(H

0
0 ) is

found by setting n1 = n2 = 1. For example, if Z1 = Z3 = −1, Z2 = +1 (eg Z1 = Z2 = −1,
Z3 = +1 is improper by (d)) and m1 ≤ m3, then inf specd(H

0
0 ) = −(4β)−1 in agreement

with [3].
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